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Introduction 

These notes are expanded from my earlier paper [8] mimeo- 
graphed at Cornell in July 1974. In addition to including correc- 
tions and revisions for [8], the present notes contain new results 
and insights obtained during the past year andahalf. Some of 
these results have already been described briefly in [9] and [10]. 
Others are due to Roger Howe and Pierre Cartier. In particular, 
parts of Subsections 2.4, 5.5, and 6.2 are taken from corres- 
pondence with Howe, and parts of Subsections 2.5 and 3.1 were sug- 
gested by Cartier after his critical reading of the original manu- 
script. My indebtedness to both goes beyond acknowledgement of 
their suggestions within the text. 

The goal of these Notes is a general theory of automorphic 
form for the metaplectic group. I am indebted to Robert Langlands 
for inspiring this project and giving freely of his ideas. I am 
also grateful to Paul Sally for his collaboration on [10] (cf. 
Subsections 4.4 and 5.5), and my colleagues at Cornell, especially 
Kenneth Brown, Robert Strichartz, and William Waterhouse, for 
many helpful conversations. 

The theory of automorphic forms on the metaplectic group 
described in these Notes is still in its infancy. Moreover, many 
of the results, if not incomplete, are in preliminary form. I am 


grateful to all the people named above for helping me realize this. 


The expeditious typing of these Notes was done by Joanne Lewis, 


Arletta Havlik and Esther Monroe. 


S. Gelbart 
November 1975 


gl. Background and Summary of Results. 
The metaplectic group was first introduced by Weil in [47]. 


His purpose was to reformulate Siegel's analytic theory of quadratic 
forms in group theoretic terms. The motivation for our investigation 
comes from more recent works of Shimura and Kubota. Our purpose 

is to describe the spectrum of the metaplectic group modulo its 
Suberous of rational points and to relate this spectrum to the theory 
of automorphic forms for GL(2). 

Our work relies heavily upon Weil's. However, as already 
suggested, it is more closely related to important recent discoveries 
of Shimura and Kubota which we shall now briefly describe. 

Fix k to be an odd positive integer, N a positive integer 


divisible by 4, and X a character of the integers defined modulo 


N. Put 
To(N) = ((¢ gl € Shp(Z): ¢ # O(N)}, 
and 
8(z) = E exp (2ii n®z). 
N= 
Then 
|e(yz)/9(z)| = feztali/® 


for all ye P(N). (Hecke [16], pp. 919-940. ) 
In [38] Shimura deals with cusp forms f(z) satisfying the 
identity 


f(yz) = X(a) [0(yz)/8(z) ]St(z) 


for all ye TP)(N). Such functions comprise the space of classical 

cusp forms of weight k/2, character xX, and "@-multiplier system" 
~1/2 

[9(vz)/8(z) ][eztd - We denote this space by Sy (Ns) - Pune - 


tions in it arise naturally in number theory from the study of parti- 


tions and quadratic forms in an odd number of variables. 


To study functions in Sy /o(NeX) one introduces certain linear 
operators Tey (m) (following Hecke in the case of forms of integral 
weight). These T(m) operate in Sy /o(N.%) for all integers no. 
However, Tey (™) operates as the zero operator if m is nota 
square and (m,N) = 1. This curious fact seems to have discouraged 
Hecke from beginning a systematic study of such forms along the lines 
of his already successful theory for forms of integral weight. None- 
theless, Shimura established the following provocative result. 

Suppose f(z) = © a(n)exp(27ri nz) in Sp /o(N,X) is an 


N /p2 
xP)» say 


eigenfunction for every T 


T(p°)f = A(p)f. 


Suppose also that k bs 3. Then 


a(n? )n7®)L*(X,1 - ome -s) 
1 


i meg 


= I[1-A(p)p7® + X(p)®pk-2-28 y-2 
p 


where L*(X,°) is essentially the Dirichlet L-series associated 
to x; furthermore, and more significantly, the inverse Mellin 


transform of 


= -2.25.- 
Sane 4 Nip) op ey: 
Pp 


namely 


F(z) = © A(nj)exp(2ri nz), 


satisfies 


F(yz) = x(a)" (ezta)*-te(z), 


for all ve T4(Np)- (Here Ng depends only on N and X and 


usually equals WN/2.) 


The significance of Shimura's result is that it establishes 
@ correspondence between forms in S,/2(N.X) and forms of integral 
(actually even) weight k-1. Note that T(p)F = A(p)F. Thus this 
correspondence preserves eigenvalues for the Hecke ring. 

The success of Shimura's theory leads one to ask several 
important questions, For example, can Shimura' correspondence be 
defined without recourse to L-functions? In particular, what is its 
group theoretic interpretation? Is the correspondence one-to-one? 

Th the first part of this paper IE shall interpret forms of half- 
integral weight as irreducible representations of the metaplectic 
group "defined over ®." Thus, the full weight of the representation 
theory of this group can be used to discuss these questions. 

Kubota's results also concern forms of "half-integral weight". 


To describe them, fix an imaginary quadratic field 
F= Qi=d), 


denote by O the ring of integers of F, and by (F) the quadratic 
power residue symbol in F. Let I(N) denote the congruence 
subgroup mod N of SL(2,0) and define the function X(y) on 


T(N) by 
(3) Lt ew 


1 otherwise . 


The starting point for Kubota's investigation is his discovery 
that X is a character of I(N) (Provided N, as before, is 
congruent to O mod 4). This result is equivalent to the reciprocity 
law for (£) modulo the fact that @/-d is totally imaginary. 

(See [19] for the original proof and Subsection 2.2 of this paper 
for the case of arbitrary number fields. 

Now let H denote the three-dimensional quaternionic upper 
half-space whose points are of the form u = (z,v) = (2 a5 


Vv Zz 
(2 ¢ €, v> 0). The operation of o = (8 5]  SL(2,€) on H is 


given by 


2 -1 
0, = (autb) (cutd) 


(identifying te¢ € with the matrix E 2) so H is isomorphic 


to SL(2,€)/SU(2). The quotient space 
0 (N)/H 
is of finite volume. 


In [21] Kubota considers modular function. on H with respect 


to M(N) and character X; his special interest is in 


E(u,s) = x X(y)v(yu) 844 


rNr(y) 


oo 


where s is a complex variable, v(u) = v if u= (z,v), and 


T, is the upper triangular subgroup of I(N). 


The series defining E(u,s) is an Eisenstein series. Although 
it converges only for  Re(s) > 1, 4E(u,s) itself has an analytic 
continuation to the whole s=-plane and a pole of the first order at 


s = 1/2. The residue @(u) of E(u,s) at s =1/2 satisfies 


a(yu) = x(¥)@(u) 


for all ye I(N) and defines a square-integrable automorphic 

form which is not a cusp form. In fact @ defines a theta-function. 
This function can not be lifted to the adele group of GL(2) 

over Q(/=q « Rather it defines a function on a certain two-fold 
covering of this group, the metaplectic group of §2. 

One of Kubota's principal results is a computation of the 
eigenvalues of 6(u) with respect to Hecke's ring. This result 
generalizes the fact that the eigenvalues of the classically defined 
holomorphic Eisenstein series in {Im(z) > 0} are given by 
arithmetic functions such as the sum of the divisors of an integer. 


As already suggested, one purpose of our investigation is 


to reformulate and extend the results of Shimura and Kubota in the 
context of a general theory of automorphic forms for the metaplectic 
group. In the context of this general theory, the results of Shimura 
and Kubota appear to be closely related. Thus it is hoped we have 
shed light on both of them. In particular, Kubota's @(u) becomes 


a@ tensor product of certain ' 


‘extraordinary" representations of the 
local groups cm defined at each place of F. The corresponding 
computation of eigenvalues then becomes part of the spherical function 
theory of these groups. 

In addition to working over arbitrary number fields, our methods 
are new. In that our point of view is representation-theoretic we 
follow Jacquet-Langlands ({18]) rather closely. In fact, a second 
goal of our program is to develop a theory for the metaplectic group 
analogous to Jacquet-Langlands' treatment of Hecke theory for GL(2). 
The possibility of such a theory was already suggested by Shimura in 
[38]. 

To be more precise, let F denote an arbitrary global field 
and A its ring of adeles. Let G denote GL regarded as an 
algebraic group over F. The metaplectic group Ga is a central 
extension of GL, (A) by Zp, the group of square roots of unity. 


Thus 


1+ 2) > & > Gly(A) > 1 


is exact and Z, is a trivial GL, (A) ~module. The crucial property 
of this extension is that it splits over the subgroup of rational 
points GL, (F) and the fundamental problem is tc decompose the 


natural unitary representation of G, in L? (GN). 


Suppose we denote this representation by T. Then 


poems 2 — : 2 = 
for all & £& «€ Gar and oe L (GENG,) - Note that L (GENGp) > 


as a G,-module, is the direct sum of L? (GNG,/Zp) (which is just 


2 aD. — 
L (GNGL, (A) )) and the space of functions T° (GNGR) satisfying 


e(Ce) = Cw(g), GC € Zy) 


("genuine" functions on G). ‘Thus 


> 


Holl 


=T OT, 


where constituents of TT correspond to automorphic forms on GL(2). 


The constituents of T comprise the subject matter of Jacquet-~ 
Langlands' treatment of Hecke's theory of forms of integral weight. 
The irreducible constituents of T, on the other hand, are what we 
call "genuine automorphic representations of the metaplectic group", 
or "generalized automorphic forms of half-integral weight over F". 
This terminology is apt since the forms considered by Shimura corres- 
pond to special forms on Ge defined over Q. (This observation 
is the starting point for our theory; see Subsection 3.1 for details.) 
The Eisenstein series considered by Kubota lead to forms which are 
defined over a totally imaginary field F, and which occur outside 
the space of cusp forms. 

The main emphasis of our theory is on relations between auto- 
morphic forms on the metaplectic group and automorphic forms on 
GL(2), i.e. between constituents of T and constituents of T. 
Eventually we shall define a map S between arbitrary (i.e. not 
necessarily automorphic) representations of Ch non-trivial on a5 
and representations of G,- This map will be consistent with 


A 


Shimura's when restricted to automorphic forms on ie Moreover, 
it will be one-to-one, and its definition will be entirely represen- 
tation theoretic. 


A correspondence pe between certain representations of Gn 
and Ga is constructed completely independently of S using Weil's 
theory of the metaplectic group. Motivated by recent results of 


S. Niwa [30] and T. Shintani [41] we collect evidence for the 


assertion that 


p3(s(7)) =F 


whenever S(7) is in the domain of p>. The validity of this 
hypothesis is one of the focal points of our theory. We also describe 
other features of our theory and explain its connection with the 
results of Shimura and Kubota. All our results lend support to the 
assertion that forms on GL(2) and the metaplectic group are inex- 
tricably connected. 

A more precise summary of the contents of this paper now follows. 

In Section 2 we analyze the metaplectic coverings of GL(2) 
over local and global fields. In constructing these groups, we first 
follow Kubota, then Weil. Whereas Kubota's construction involves an 
explicit factor set and is well-suited for basic computations, Weil's 
construction is entirely representation-theoretic and hence particu-~ 
larly crucial to our approach. In Subsections 2.4 and 2.5 we explain 
how Weil's construction leads to a general philosophy which not only 
ylelds the map D alluded to above but also a correspondence pt 
between automorphic forms on G 1 
These matters are dealt with in detail in Sections 4,5, and 6. Roughly 


and automorphic forms on GL 


speaking, to each Weil representation r of Ga there corresponds a 


quadratic form q and to each q there is attached a correspondence 


po between irreducible constituents of Tq and constituents of the 


natural representation of the orthogonal group of q in the space 


of Ty In particular, 
2 2 2 
43 (X1s%Xp5 X3) =X] - Xp ~ X39 
yields the map Dp? alluded to above, while 
ayia eae 


relates to Kubota's results and pt, 


In Section 3 we introduce the subject matter proper of this 
paper. Some general features of the decomposition of 1° (aT) 
are sketched and the connections between constituents of this 
decomposition and the functions considered by Shimura and Kubota 
are described in detail. Some miscellaneous results which will be 
used later on are also collected here. Our basic observation in 
Section 3 is that one can make sense out of the relation 

T= O87, 
for certain irreducible "genuine" representations of Gee (Note 
that cn will not be a restricted direct product of the local 
covering groups G+) This result is important since it reduces 
global questions to local ones. In particular, in describing the 
map S alluded to above, one is lead to the study of certain local 


maps 


for each place v of F. In this Section we also isolate the non- 


(ENG 


P in) using the theory of Eisenstein 


cuspidal spectrum of L 
serles on Gar 

In Section 4 we treat the local map for the archimedean places 
in complete detail. To certain pairs of quasi-characters (Hy sHo) 


of F,=R or ¢€, irreducible representations of G as well 


as G are described. If 7. is attached to (Hy >Uo) then 


+ 
the map Sy is defined by setting 8,(7,) equal to the irreducible 
representation of G., attached to Cae This is consistent with 
Shimura's map since a discrete series representation of ee with 
lowest weight 5 is mapped to a discrete series representation of 

Ge with lowest weight k-1l. (It is consistent with Kubota since it 
attaches the trivial representation of Gq to the complementary 


series representation of index s = 1/2.) 


In Subsection 4.4 we describe how the Weil representation ry 
attached to the quadratic form ay decomposes over &. In general, 
the problem of decomposing Weil representations attached to quadratic 
forms in an odd number of variables has not yet received the attention 
it deserves. (See,however, [52].) The most significant result in 
Section 4 concerns the construction of a map ps inverse to Sy. 
This involves the decomposition of the Weil representation ry 
attached to the quadratic form G3 (1 9%p9%q) > The orthogonal group 

of this form is essentially Gp and the idea is to decompose rg 
according to the decomposition of a certain regular representation of 
Gr itself. The result is that one attaches to (most) representations 


of Gp a representation of Ge and thus cne obtains an inverse to 


S.. In particular, to the discrete series representation 


. of 


"a1 
Gre corresponds the discrete series representation Te /2 of Ga: 
This result seems to be new. A classical version of the correspondence 
17 1 /o (using theta functions in place of Weil's representation) 
was first obtained by T. Shintani ([41]). 

In Section 5 we begin the local treory for non-archimedean 


places by describing Sy for a wide class of irreducible representa- 


tions (the non-supercuspidal representations). After attaching pairs 


of quasi-characters of ay to such representations we define Sy 
again by squaring these characters and inducing up to G.. 
We also analyze the class 1 representations and compute eigenvalues 
for the generalized Hecke algebra. These results are useful in 
showing that our map is consistent with Shimura and Kubota at the 
finite places as well, i.e., eigenvalues for the Hecke ring are 
preserved (cf. Theorem 5.13). In Subsection 5.5 we describe how 
the basic non-archimedean Weil representation ry decomposes. To- 
gether with the results of Subsection 4.4 this leads to the global 


correspondence pt alluded to above. 


In Section 6 we attempt to tie together the local threads of 


10 


Sections 4 and 5. Our goal is a global description of the constituents 
of the space of automorphic (genuine) forms on vt Roughly speaking, 
the theory of Weil representations expounded in Section 2 is mixed 
locally with the theory of Eisenstein series sketched in Section 3. 
The result is a complete characterization in Subsection 6.1 of the 
discrete non-cuspidal spectrum of L?(GNG). In classical terms 
the implication is that any square-integrable modular form of half- 
integral weight which is not a cusp form must be a "translate" of 
the basic theta-function 6(z). Since such forms are also shown to 
be generated by residues of Eisenstein series, this amounts to a 
kind of Siegel-Weil formula (cf. [48] and [10]). 

In Subsection 6.2 we treat the cuspidal spectrum of L? (GNG,). 
Here ignorance essentially dominates the situation. Nevertheless it is 
shown that all "non-trivial" global constituents of r, indeed contri- 
bute to the space of cusp forms. Similar results are discussed for T3- 
Subsection 6.3 describes some speculations and problems which we hope 


to return to in future papers. 


§2. Metaplectic Groups and Representations. 


In [21] Kubota constructs a non-trivial two-fold covering group 
of GL, (A) over a totally imaginary number field. In this Section 
I shall describe the basic properties of such a group over an 
arbitrary number field and complete some details of Kubota's con- 
struction at the same time. I shall also recall Weil's construction 
in a form suitable for our purposes. 

I start by discussing the local theory and first collect some 
elementary facts about topological group extensions. 

Let G denote a group and T a subgroup of the torus regarded 
as a trivial G-space. A two-cocycle (or multiplier, or factor set) 
on G is amap from GxG to T satisfying 


(2.1) 0( 8185283 )0(8 +85) = O(8),858)0(B563) 
and 
(2.2) a(g,e) =a(e,g) = 1 


for all GBs in G. In additiony if G is locally compact, a 
will be called Borel if it is Borel measurable. 

Following Moore [28], let z°(G,T) denote the group of Borel 
A 


2-cocycles on G and let B“(G,T) denote its subgroup of "trivial" 


cocycles (cocycles of the form s(g,)8(g,)s(6485) with s a map 
from G to T). Then the quotient group H°(G,T) (the two- 
dimensional cohomology group of G with coefficients in T) 
represents equivalence classes of topological coverings groups of 


G by T which are central as group extensions. 


To see this, let a be a representative of the cohomology 
class a in H°(G,T). Form the Borel space GxT and define 


multiplication in GxT by 


(2.3) (81501) {E52¢5} = (€)859%(8)+85)6 165} 


12 


One can check that GxT is a standard Borel group and that the 
product of Haar measures on G and T is an invariant measure 
for GxT. Thus by [25] GxT=G admits a unique locally compact 
topology compatible with the given Borel structure. 

Note that the natural maps from T to @ and G to G are 
continuous. (They are homomorphisms, and obviously Borel, hence 
they are automatically continuous.) The latter map, moreover, 
induces a homeomorphism of G/T with G. Thus we have an exact 


sequence of locally compact groups 
l-TseG7a71. 


This sequence is central as a group extension and depends only on 
the equivalence class of a. Its natural Borel cross-section is 
4: g > (g,1) 


2.1. Local Theory. 


Let F denote a local field of zero characteristic. If F 
is archimedean, F is R or ¢; if F is non-archimedean, F 
ls a finite algebraic extension of the p-adic field a, 7 

If F is non-archimedean, let O denote the ring of integers 
of F, U its group of units, P its maximal prime ideal, and w 
a generator of P. Let gq = ali denote the residual characteristic 
of F. 

The local metaplectic group is defined by a two-cocycele on 
GL, (F) which involves the Hilbert or quadratic norm residue symbol 
of F. ; 

The Hilbert symbol (°,‘) is a symmetric bilinear map from 
F*y F* to Z,. which takes (x,y) to l iff x in F* is a norm 
from F(/y). In particular, (x,y) is identically 1 if y isa 
square. Thus (*,*) is trivial on (#*)°x(p*)? for every F and 
trivial on F*xF* itself if F=¢. 

Some properties of the Hilbert symbol which we shall repeatedly 


use throughout this paper are collected below. 


Proposition 2.1. (i) For each F, (*,-) is continuous, 


(2.4) (a,b) = (a,-ab) = (a,(l-a)b) , 
and 
(2.5) (a,b) = (-ab,atb) ; 


(ii) If q is odd, (u,v) is identically 1 on UxU; 

(iii) If q is even, and v in U is such that v=i1(4), 
then (u,v) is identically 1 on U. 

The proof of this Proposition can be gleaned from Section 63 
of O'meara [31] and Chapter 12 of Artin-Tate [1]. 

Now suppose gs = es € SL,(F) and set x(s) equal to ec 


or d according if ec is non-zero or not. 


14 


Theorem 2.2. The map a: SL(F) x SL,(F) > 25, defined by 
(2.6) a(81,85) =(x(s,),x(s,))(-x(s,)x(s,),x(s18,)) , 


is a Borel two-cocycle on SL,(F). Moreover, this cocycle is 
cohomologically trivial if and only if F=¢C. 

This Theorem is the main result of [20]. According to our 
preliminary remarks it determines an exact sequence of topological 


groups 


1> Zy > SL3(F) > SL, (F) > 1 


where SL,(F) is realized as the group of pairs {s,¢} with multi- 


plication given by (2.3). The topology for SLA(F), however, is 
not the product topology of SL,(F) and Z, unless F=€. Indeed, 
suppose N is a neighborhood basis for the identity in SL,(F). 

Then a neighborhood basis for SL,(F) is provided by the sets (U,1) 


where UeN and a(U,U) is identically one. 


Proposition 2.3. If FAC, each non-trivial topological 
extension of SL,(F) by Z, is isomorphic to the group SL3(F) 


just constructed. 


Proof. If F=R, each such extension is automatically a cun- 
nected Lie group, hence isomorphic to "the" two-sheeted cover of 


SL,(F) obtained by factoring its universal cover by 2Z. Suppose, 


on the other hand, that F is non-archimedean. What has to be 


shown is that H°(SL,(F),Z,) =Z,. For this we appeal to a result 


of C. Moore's. 


Let E,, denote the (finite cyclic) group of roots of unity 7 


F 
in F. Consider the short exact sequence 


1> 2, > Ep > Ep/Z5 21 


The corresponding long exact sequence of cohomology groups is 


15 


‘+H (SLAF), Ey/Zy) > H°( SLy(F), Zp) > H°(SL5(F), By) > 


H°(SL(F),Ep/Zp) *H3(SLo(F),Z,) 210° « 


2 


Recall that HI (SL (F),T) =Hom(SL,(F),T). Moreover SL,(F) equals 


2 
its commutator subgroup. Therefore H'(SL,(F), Bp/Zp) ={1} and 


#°(SL,(F) ,Z imbeds as a subgroup of H°(SL,(F),B,)- But from 


>) 
Theorem 10.3 of [29] 1t follows that H°(SL,(F), Bp) =E, + Thus the 
2/ is 


desired conclusion follows from the fact that H SL,(F),Z 


Dy) 
non-trivial and each of its elements obviously has order at most 


two. CI 


Remark 2.4. As already remarked, a non-trivial two-fold cover 
of SL,(F) for F a non-archimedean field seems first to have 
been constructed by Weil in [47]. His construction, which we shall 
recall in Subsection 2.3, is really an existence proof. His general 


theory leads first to an extension 
1> T+ M,(2) > SL,(F) >1, 


where T is the torus and ue \e) A 8 group of unitary operators 
on I°(F). Then it is shown that M,(2) determines @ non-trivial 
element of order two in H°(SL,(F),T). 

Remark 2.5. In [20] Kubota constructs n-fold covers of SL,(F). 
His idea is to replace Hilbert's symbol in (2.6) by the n-th power 
norm residue symbol in F (assuming F contains the n-th roots 
of unity). In [29] Moore treats similar questions for a wider range 


of classical p-adic linear groups. 
Now we must extend a to 
Gs GL, (F) P 


In fact we shall describe a two-fold cover of G which is a trivial 


non-central extension of SL(F) by F*, i.e. a semi-direct product 


16 


of these groups. 


If ge cae) belongs to G, write g = is aettgjlo(e) where 


(27) P(g) aa : : ie sh, (F) 
det(g) detlg) 
For B18 in G, define 
det (g,,) 
(2.8) a*(g1,8,) =a(p(g,) »P(B)) v (det(e,),P(g,)) 
where 
) y 10,-1 10 
(2.9 ag ts y! slo y! 
and 
at if ec#0 
(2.10) v(y,s) -{ 
(y,@) otherwise 


if s =[6 oe Note that the restriction of a* to SL,(F) x SL 


coincides with a. 


Proposition 2.6. If yeF*, and s={s,¢}¢SLj(F), put ra 
equal to {s’,¢v(y,s)}- Then Ss" is an automorphism of SL(F), 
and the semi-direct product of SL,(F) and F* it determines is 


{somorphic to the covering group G@ of G determined by (2.10). 


Proof. It suffices to prove that 


a(sy18,) =a(s,%,8,7) v(y,8,) v(y,85) v(y, 8, 8p) 
and this is verified in Kubota [21] by direct computation. 


Remark 2.7. We shall refer to G@ as "the" metaplectic group 
even though there are several (cohomologically distinct) ways to 
extend a to G. We shall also realize it as the set of pairs 


{g.¢} with geG, ¢€Z and multiplication described by 


9° 
(81964) (85505) = {1+ B510*(B,,B5)€ 305) 
Now let B,A,N, and K denote the usual subgroups of G. 


Thus 
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5 
ayo is lb 
A= F a, €F * N= » beF 
O a, Ol 
ay b 
B=WNA = 
¢) a 


and K ts the standard maximal compact subgroup of G (U(2) if 
F=@, O(2) if F=R, and GL(2,0) otherwise). 

If H is any subgroup of G, H will denote its complete 
inverse image in G. Moreover, if G splits over H, then # 


is the direct product of Z and some subgroup H! of G 


2 
isomorphic to H. We shall denote H' by H even though H! 


need not be uniquely determined by H. 

In general, it is important to know whether or not @ splits 
over the subgroups listed above. In particular, the Proposition 
below is useful in constructing the global metaplectic group. (Recall 
that if x belongs to a non-archimedean field its order is defined 


ord(x) 


by the equation x=w u, ued.) 


Proposition 2.8. Suppose FAC or R and N (4s usual) 
is a positive integer divisible by 4. Then G splits over the 


compact group 
Y= ((® Plex: a=1, ¢#0(mod N)} 


More precisely, for g = Ibe al eG, set 


ab 


c al? 3 


(e,d det(g)) if cadfO and ord(c) is odd 
(2.11) s([ { 


otherwise . 
N 
Then for all BB, ek , 


(2.12) o*(B1+85) = 8(8,)8(@,)8(B)B>) 


Proof. Theorem 2 of [21] asserts that (2.12) is valid for all 


B19, in ae a] ek: Ee at = 1,,(mod N)}. But careful inspection 
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of Kubota's proof reveals that the conditions b#O(mod N) and 
d # 1(mod N) are superfluous. Indeed Kubota's proof is computational 
and the crucial observation which makes it work is the Lemma below. 


We include its proof since Kubota does not. 


Lemma 2.9. Suppose k= ts 4 ek . Then 


(2.13) 


(c,d(det k)) if eAfO and cfU 
s(k -{ 


1 otherwise. 


Proef. Throughout this proof assume (* a € - - In particular, 
det(k) =ad-be belongs to U. 

Suppose first that c#O and cfU. Then clearly cd#O. 
Indeed d=O0 implies that det({k) =-bc, a contradiction since 
efU implies -befgU. Thus if order (c) is odd, 


by definition. 


On the other hand, if ord(c) =2n (where n#O since c#U) 


it remains to prove that 


(c,d(det k)) = 1. 


But d(det k) =ad©-dbce, so kek" implies that d(det k) =1(mod 4). 


Thus 


(c,a(det(k))) =(w’u,u!) =(u,u!) =1 
by (iii) of Proposition 2.1. 

To complete the proof it suffices to verify that ec#O and 
efgU if cdA#O and ord(c) is odd. This is obvious, however, 
since if ceU, then ord(c)=0, a contradiction, since ord(c) 
must be odd. Ga 

Note that when the residual characteristic of F is odd, 


KN = K =GL(2,0,)- 
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Definition 2.10. If F=R or ¢, let s(g) denote the 
function on G which is identically one. If F is non-archimedean, 
let s(g) be as in (2.11), and in general, let B( 1+) denote 


the factor set a*(€1E,) s(g,)s(8,)s(818>5) 


Obviously 8 determines a covering group of G isomorphic 
to G. But according to Proposition 2.8, its restriction 
«Nx KN is identically one. Thus KY is isomorphic to m™xZ,, 
and x lifts as a subgroup of G via the map k>{k,1}. For 


this reason we shall henceforth deal exclusively with 8B. 


Lemma 2.11. Suppose 


Then B(811B,) = (i124) 


Proof. Since 


Cs ae | ii o |} hi *4 
i -1 
O Ay OL Sigh OO: ig 
1 fe) ' 
= p(g.) 5 
fe) det(g,) - 


it follows that 


Wy XyHo%p Wy Xp) St 
a*(81,8,) =a ‘ V(u ao» ) 
ji get Since " ot 
My Yo Ma 
es aS ai 


-l] -1 
= (uy rHo )(-hy Ho aby Ho ) (Wray ) 


But using (2.4) together with the symmetry and bilinearity of Hilbert's 
symbol, this last expression is easily seen to equal (Wy2Ao)- 


Thus the Lemma follows from the identity 
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(2.14) Sieh): Sa 
valid for all ee i] € Be | 


Corollary 2.12. Suppose y = ie oh Then Y = fy,¢} is 


central in A iff y is a square in A. 


= ' : 
Proof. Suppose y' = {y',c'} = ais se is arbitrary in 
Z. Then yi =y' yart fyy'.a(yoy')cc} = fy'y,8(ytoy)ee'} iff 


Y 
BUYS) = BU sy) Ate 


(2.15) (usA') = (utZA) - 


So suppose first that y is a square in A. Then both w and A 
are squares in F* and (2.15) obtains by default (both sides equal 
one for all Mi,At), 

On the other hand, if wu, say, is not a square in FX, then 


by the non-triviality of Hilbert's symbol, 
(u,A') = -l for some A! € FX, 


This means that (2.15) fails for w' = 1, say. Thus Y will not 


or 0) 


commute with 9 atlei} and the proof is complete. [=I 


Corollary 2.12'. The subgroup N of G lifts as a subgroup 
of @ So does A with 


2 


oS Ae hey 8 eA 


Proof. Obvious. 


Corollary 2.13. Fix F #7. Then: 


(a) The center of G is 


AG) Sls lacie 8 
(b) Suppose 
G = {ec} eG: det(g) © (FX) 


Then the center of G* is Z = {([2% °],¢}: zePy 


21 


Proof. Since g={g,¢}¢Z(G) only if geZ(G), i.e. only 
if g= 0 re with zeF*, it suffices to prove that es he 
commutes with every e=((6 Pe") eG iff z is a square in F*. 
= 0) 
Clearly {4 °1,6) commutes with g' iff B(LG 316') = 


(e's [5 ae But a simple computation shows that 


a*((2 Oye!) = (2,c) 


and 
a*(g', [2% 01) = (2,0)(z, det(g!)) 
So since 
s(g')~*s((Z 97)" *s(g'2 27) =5( 12 27) ~*s(e')*8(2 Cle"), 
eee oh} e2Z(G) if and only if 
(2.16) (2, det(g')) = 1 
for all g'¢«G, or, since Hilbert's symbol is non-trivial, 


Ug ee eZ(G) iff z is a square. On the other hand, if 
det(g') e (F*)2 (2.16) holds for all z, and hence (b) too is 
established. ma 


2.2. Global Theory. 
In this paragraph, F will denote an arbitrary number field, 


v aplace of F, F the completion of F at v, and A _ the 


Vv 


adeles of F. Thus the G of Section 2.1 becomes G., = GLa (F,,) » 


its maximal compact subgroup is Ky» A is A ete. Our interest 


y? 
henceforth is in the global group 
Gy = GL (A) 
and its two fold cover ic 
If g and g' are arbitrary in G,, put B.,(88"') = Bley,et)s 
if gs (2) and g! = (gi). According to Proposition 2.8, 
B,, (8 8") = 1 for almost every v. Thus it makes sense to define 


Ba on Gp X Gp by 
(2.17) By(828') = 1 B,(e,8') 
Vv 


the product extending over all the primes of F. Since Bp is 
obviously a Borel factor set on Gp it determines an extension 
of G, which we shall denote by Gy 
pairs {g,¢}, ge Gp» ¢ € Zo, with group multiplication given by 


and realize as the set of 


{8126,}{e5.65} = 18185»By, (8 Bo) C460}. 


Important subgroups of Gp include 


KN = 1 XN 
v0 v 

and 
Gp = GLo(F). 


Proposition 2.14. The subgroup Ky of Gp lifts to a subgroup 


of Gp via the map kK, > {k,,1}. 
Proof. Proposition 2.8. 
Proposition 2.15. For each yY € Gps let 


Sply) = z 8y(¥) 
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the product extending over all (finite) primes v of F. Then 


the map 
y > tyssp(y)} 


provides an isomorphism between G. and a subgroup of Cp: 


F 
Proof. Note first that if y = [2 5) « G,, the v-order of 

e is 0 for almost every v. ‘Thus s,(y) = 1 for almost every 

v and the product appearing in (2.18) is finite, i.e. Sp ly) is 


well-defined. To prove the Proposition it will suffice to prove that 


(2.18) Spy (¥) Sg(¥')Bal(vs¥') = Sa(v¥') 
for all y, y' in Gp 

So fix y and y' in Ge For almost all v, all the entries 
of y and y' will be units. Thus aj(y,y') = 1 for almost all v. 
(By Proposition 2.1, Hilbert's symbol is trivial on units if v 


is finite and the residual characteristic of ay is odd.) On 


the other hand, for all v, 
Oy(Ys¥') = (tysPo)y(tz>ty)y 


with Ty Tos TasPy € F. Consequently, by the product formula 


for Hilbert's symbol (quadratic reciprocity for F), 


Thaltysy') = 2 a 
Vv 


That is, 
By lys¥') = Sa (¥) Sg ly!) slvr") 


as was to be shown. [_] 


Because of this Proposition we can make sense now out of the 


homogeneous space 


— 0) 


(2.19) X = ZG,\ Gy 


where cA denotes the subgroup of the center of G, ‘consisting of 
positive real matrices bs ots (Cf. Corollaries 2.12' and 2.13.) 


This space will be the focus of our attention in Section 3. 
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The Proposition below makes it possible to relate functions 
on X with classical forms defined in the upper half-plane. Before 
stating it we collect some facts concerning the quadratic power 
residue symbol. 

Suppose a,b ¢ F* with b relatively prime to a and @. 
Let So denote the set of archimedean places of F. Suppose that 
ord. (b) 


(b) =v 
Vv 


where (b) denotes the F-ideal generated by b and the product extends 
over all prime ideals of Op (the ring of integers of F). Only 
finitely many v will be such that ord (b) 40 and each such v_ will 
be relatively prime to 2 anda. 


The quadratic power residue symbol (=) is then 1 if x? =a 


has a solution in 0. and -l otherwise. The quadratic power residue 
symbol (#) is 


Now consider the congruence subgroup 


(2.20) r,(N) = (£8 9) ¢ st(2,0): azd@ 21, ¢ = 0(N)}. 
Clearly 
7 N 
(2.21) Tr, (N) = @, 9 Gl Ko 
1) 0 
where Go I Go» the product of the connected components of 


ves 
F 0 ‘ ; ab 3 
the archimedean completions of G. Note that for any ye q! in 


SL(2,0), d is relatively prime to ec and 2. 


Proposition 2.16. If d is relatively prime to ec and 2, let 


(2.22) (3). = (3) 1 (c,4) 


If y= (¢ 1 belongs to T,(N), put 
(3s if c #0 


1 otherwise. 
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Then 


(2.24) sly) = x(y) 
for Ye r,(N). 


Proof. From the definition of everything in sight it follows 
that 
sa(y) = s.(y) = 0 s_(y) 
A ee v finite 
Thus the Proposition is obvious if ec =O (since both sides 
of (2.24) are then one). 
Assume now that c #0 and recall that ec ana d are 
relatively prime. By Lemma 2.9, 


(c,d,det(y)) if ec #0 and c ¢ Ue 


s,(y¥) a 


1 otherwise 


Therefore 
(c,d(det sg ea if vie 
sy(y) = 


1 otherwise 


and consequently 


aly) = fl (c,d(det y )) 


vie Me 


By assumption, det(y) is a unit for each v. Moreover, 


det(y) = 1(4). ‘Thus by Proposition 2.1, and the product fromula 
for Hilbert's symbol 


Il (c, det Lee = fe versettng) 1 (c,dety) = 1. 


vic V- ves. 
Consequently 1 (c,d(det y) =f (c,d)_, which means it suffices 
vie vie 
to prove 
2.2 af 
(2.25) H (c,a), = ($).- 
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To simplify matters, assume F has class number one. 
(The Proposition is undoubtedly true without this assumption.) 
To prove (2.25) recall the following basic formulas ([14], 
Chapter 13): for each prime integer w in F dividing both 


ec and 2, 


.26 Lee WwW, 
(2.26) @) = a, Oa, 


v|2 
(Supplementary Reciprocity Law); for each prime w which divides 
ec but not 2, 


(2.27) ) Pai (wd), 2 (w, a). 
Ve 


v|2 
(Power reciprocity formula). Note that if d is a v-unit for 
odd v dividing ec, (w,d),, = 1. Consequently (2.26) can be 


rewritten as 


(2.28) (7) = — (wa). n (wd). 
a vie ” ves, “ 
We v2 
ord, (c) 
Now suppose c = ] w - By the multiplicativity 
wie 


of the power residue symbol, (2.28) and (2.27) can be multiplied 
for each wile to obtain 


(3) = (Flory) on 


Thus the proof is complete. (Units play no role since Ea al € P(N) 
implies (u,d),=1.) [J 

Two special cases of Proposition 2.16 will be of particular 
interest in Settion 3. The first assume F is a totally imaginary 


number field, in which case 
(5) if ec £0 


(2.29) x(y¥) = 
0 otherwise 
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since (c,d) is identically one. 


Corollary 2.17. (Cf. Kubota [19], cf. Theorem 6.1 of Bass- 
Milnor-Serre [2]). If F is totally imaginary, x(y) defines a 
character of T,(N), i.e. X(¥4¥o) = X(¥q)x(Yo) for all Y4y>Yo eT, (N). 

Proof. Since F is totally imaginary, Ba is identically 

0,,N 


one on GLK in Gp - So suppose Yu and Yo are arbitrary in 


T,(N). Since Y, and yp belong to G,, 


Sq (VqVo) = By l¥y>¥o) 8, (17) Sg (Yo) 


(by (2.18)). But By (Yq9Yo) = 1. Thus the Corollary is immediate 
from Proposition 2.16. let 


The existence of such a character (with the assumption that 
F is totally imaginary) provides a starting point for Kubota's 
recent investiations ([21] through [23]). Its relation to the 
congruence subgroup problem is discussed in [2]. 
The second example I have in mind assumes F = Q. In this case, 
(rt) if ¢40,¢>0 or a>0 
x(v) = {-qgr if ¢#0,¢¢0 and ao 
1 if c=0. 


Now yx no longer defines a character of PT, (N) (G is not a 
trivial extension of G.)- However x(y) is still a "multiplier 
system" for T, (WN). More precisely, if yY = te ein let J*(y,z) = 


(cz+d)¥/2, Here w/2 is chosen so that -1/2 < are(wi/?) ¢ 1/2. 


Then lx(y)| = 1. and 
Bais x(¥z¥5) J* (4902) I*(Yo>2) 
; x) x5) T*(Y}¥592) 


for all y ef, (N). T.e., x(y) is a multiplier system for r,(W) 


of dimension 1/2. 


2.3. Weil's Metaplectic Representation. 


In this Section I want to sketch Weil's general theory of the 


metaplectic representation and reformulate parts of it in a form 
suitable for the construction of automorphic forms on the metaplectic 
group. 

Roughly speaking, to each abstract symplectic group, one 
associates a projective representation (Weil's metaplectic represen- 


e of the group and its 


tation). This representation operates in L 
associated multiplier is of order two. Thus Weil's representation re- 
produces a two fold covering group which repreduces SL,(F) when the 
underlying group is SL(2). 

We begin by recalling some basic properties of projective 
representations and the group extensions they determine. 

If H is a Hilbert space, the torus imbeds in the obvious way 
as a central subgroup of U(H) equipped with the strong operator 
topology. A projective (unitary) representation of G in H is 
then a continuous homomorphism m* from G to U(H)/T. 

Our interest will be in the cocycle (or multiplier) represen- 


tations of G canonically associated to such projective representations 


7T*, These are obtained by choosing a Borel cross-section f of 


U(H)/T in U(H) and introducing the map w=fer*. If f(T) =1, 


this map from G to U(H) must automatically be Borel and satisfy 


(2.32) mle) = I 
and 
(2.33) ™(g,)7(85) = a(81.85)7(81+85) 


for all 8185 e G Here a is a Borel function from Gx G_ to 
T which (by the associative law in G ) must be a two-cocycle 
on G with values in T. 

Note that a above obviously depends on the choice of 


cross-section f . However, if f' is another such cross-section, 
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the cocycle it determines will be cohomologous to a. Thus each 
projective representation uniquely determines an element of H°(G,T). 

Any Borel map from G to U(H) satisfying (2.32) and (2.33) 
is called a multiplier representation with multiplier a (or, 
simply, an a-representation) and all such representation arise from 
projective representations as above. More precisely, if mr is 
any a-representation, set w* = pet, where p is the natural 
projection from U{H) to U{H)/T . Then 7 = fer*, and a 
lies in the cohomology class determined by 1* . In this sense, 
each projective representation is essentially a family of multiplier 
representations with cohomologous multipliers. 

Throughout this paper we shall want to distinguish between 
representations of the metapletic group which factor through Zo 
and those that do not. Moreover, we shall often want to confuse 
those that don't with cocycle representations of GL(2). 

In general, if G is an extension of the locally compact 
group G by some subgroup T of the torus we shall call 7 
genuine if m(t) =teI forall t¢ TCG. For the sake of 
exposition we assume below that multiplication in G is determined 
by some fixed cocycle a. 

Proposition 2.18. Let 4%&:G*>G denote the (Borel) cross- 


section 4t(g) = (g,1) and suppose 7 is a genuine 


representation of G. Then: 
(a) The map met from GtoU(H) is an a-representation 
of G; 
(b) The correspondence r+ rel is a bijection between 
the collection of genuine representations of G and y-representa- 
tions of 4G; 
(c) This correspondence preserves unitary equivalence and 


direct sums. 


Proof. Part (a) follows immediately from the fact that 
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4 (815) 7 a(8)»B5)4(8,)4(g5)- To prove (b), suppose 7m! is an 


a-representation of G in H and define 
m(tt(g)) = tr'(g). 


Then a is a Borel homomorphism of G into U(H), whence 
continuous, and obviously "genuine". The rest of the proposition 
follows from the fact that an operator A intertwines the 
a-representations TH and TA if and only if it intertwines the 
corresponding ordinary representations Ty and Toe 1 

We shall now describe Weil's construction in earnest. 

The symplectic groups of Weil's general theory are attached to 
locally compact abelian groups G so the notation <x,x*> will 
denote the value of the character x* in G* (the dual group to G) 
at x ¢€G Since Weil's theory is essentially empty unless G is 
isomorphic to G* we shall assume throughout that this is the case. 

Example 2.19. Let denote a local field of characteristic zero 


and V a finite-dimensional vector space defined over F. Fix q to be a 


non-degenerate quadratic form on V and T the canmical non-trivial 


additive character of F described in [46]. The identity 


<X,Y> = T(q(X,Y)), (X,Y € V) 
where 
a(X,¥) = q(X+¥Y)-q(X)-q(¥), 


establishes a self-duality for the additive group of V 


equipped with its obvious topology. Thus Weil's theory will be 


applicable in particular to G=V_ together with (q,T). This 
example in fact will suffice for the applications we have in mind. 
For each w = (u,u*) in GxG* let U'(w) denote 


the unitary operator in L?(c) defined by 


U'(w)d(x) = <x, u*>x4n). 
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Then U!(w,)U' (we) = F(w4,Wp)U' (wy +w,) where 
F(w,, Wp) = <u, us> 


if w, = (uy, ut). That is, U' is a multiplier representation 


of Gx G* with multiplier 1/F and the family of operators 
U(w,t) = tu'(w) (we GxG, t e T) 

comprises a group with composition law given by 

(2.34) (wy, tz) (Wy, ty) = (wy tw5,F(wy,W5)t]t,)- 


In particular, the multiplier representation U' determines an 
extension of GxG* by T which is called the Heisenberg group 
of G and denoted by A(G). In case G =f, A(G) is (the 


exponentiation of) the familiar Heisenberg group 


dy ia SE 
Oo 1 x* 
0 Oo 1 


In general, T is the center of A(G); A(G) may be viewed 
either as GXG*XT equipped with the group law (2.34) or as the 
group of operators {U(w,t)} (in which case it is denoted by A(G)). 
The crucial fact is that U(w,t) is an irreducible representation; 
in fact, U(w,t is the unique irreducible representation of A G) 
which Leaves T pointwise fixed. Therefore at least the first 


part of the result below is plausible. 


Theorem 2.20 (Segal). Let By(G) denote the group of 
automorphisms of A(G) leaving T pointwise fixed, Bo(G) 
the normalizer of ATG) in i (a), and let 


Po: BG(G) > By (G) 


be the natural projection. Then Po is onto with kernel T. 


In other words, there exists a multiplier representation 
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of By (G) in L(G) whose range (choosing the constant in all 
possible ways) coincides with Bol y. Indeed if se By(G), the 


formula U*(w,t) = u((w,t))s) defines an irreducible unitary 
representation of A(G) which fixed A(G) pointwise and hence is 
equivalent to U. Therefore U((w,t)s) = r1(s)u(w, t) r(s) for 
some unitary operator r(s) in L(g) (uniquely determined up to 


a scalar in fT) and 
s > r(s) 


determines a multiplier representation of By(G) (the Weil 
representation) satisfying Po(r(s)) = Se 
This "abstract" Weil representation is relevant to SL(2) 
since By (G) is the semi~direct product of (GxG*)* and an 
abstract symplectic group which reduces to SL5(F) when Ge=F. 
More precisely, since s in By(G) fixes: (1,t)5, it is 
completely determined by its restriction to GxG*x{1} where it is 
of the form (w,1) $ (wo,f(w)). Thus on GxG*xT it is of the 


form (o,f) where 
(w,t)s = (w,t)(o,f) = (wo,f(w)t), 


o is an automorphism of GxG*, f£:GxG* > T is continuous, and 


(2.35) F(wy> Wo) i F(wy)f (wy) 


Conversely, each pair (o,f) satisfying (2.35) defines an 
automorphism of A(G) fixing T pointwise, so Bo(G)={(¢,f)}, 


with group law 
(o,f)(o",¢") = (eo', 2") 
if f"(w) = f(w)f! (wo). 


Now let Sp(G) denote the abstract symplectic group of 


automorphisms of GxG* which leave invariant the bicharacter 


F(wy,W,)  <x1xS> 


= a Pe. & 3 
FUW5> Wy) CX59 x) (we (x55x%)) 
Using (2.35) one checks that if (o,f) = s ¢ B,(G) then o ¢ Sp(G). 
0 
Our claim was that the exact sequence 
(2.36) 1> (Gx G*)* = By(G) > sp(G) >= 1 


actually splits. 
To check this it is convenient to describe Sp(G) in 


matrix form. Since each o ¢ Aut(GxG*) is of the form 
a 
(x,x*) > (x x*) (9 8) 


where a:G~> G, 8:G > G*, y:G* > G*, we shall, following Weil, 


write 


and define 


i 6* -B* 
ere Ty Pal 


where a* denotes the appropriate map dual to a. Then 


ae 


o € Aut(GxG*) is symplectic iff oo~ = TI. 


Given he 4] =o € Sp(G), define f, on Gx G* by 
f,(u,u*) = <u, 27 tuap*><27 huxy6*, uw ><uxy, up> ‘ 


Here we are assuming, as we do throughout, that x 2x is an 


automorphism of G. Then f, and o satisfy (2.35) and the map 
o > (c,f) 


is a monomorphism of sp(G) into By (G) which splits (2.36). 


In short, Theorem 2.20 produces an exact sequence 


(2.37) l1>-T> BCG) > By(G) >1 


and By (G) contains a copy of Sp(G). 
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Example 2.21. Suppose F is local and G = (V,q,7) is as 
in Example 2.19. Then SL,(F) can be imbedded homomorphically in 
Sp(G) by allowing each element of F to act on V via 
sealar multiplication. (Since a* =a for each aeF, 0 = bs Py eSL(2,F) 
obviously satisfies oo’ = 1; note that Sp(G) = SL,(F) if G=V 
but in all other cases properly contains it.) From this it follows that 


one can associate to each quadratic form Vv a natural projective 


representation of SL(F) in 1°(v) which we shall call the Weil 
representation attached to (g,V) and denote by ry: 


Before further analyzing this representation we need to adapt 
Weil's general theory to the special context of Examples 2.19 and 2.21. 
Recall that V is a vector space over F and 7T is a non-trivial 
additive character of F (fixed once and for all). If xX* belongs 
to the linear dual V* we shall denote its value at X in V 
by [X,X*]- The natural isomorphism between V and V* is then 
[X,¥] = q(X,Y). 

Using [-,-] in place of <-,-> one can now "linearize" 
the theory just sketched, introducing: 

(a) the bilinear form B( 24525) = [X,,X¥] in place of the 
bicharacter F(W,,W,)5 

(b) the Heisenberg group A(V) in place of A(G); 

(c) the symplectic group sSp(V) in place of sp(G); and 

(d) the pseudo-symplectic group Ps(V) in place of By(G)- 
A typical element of Ps(V) is of the form (o,f) where 


o ¢ Aut(VXV*) belongs to Sp(V) and f:VxV* > F satisfies 
(2.38 ) f(z, +25) -f(2,)-f(2,) = B(z40,2,0)-B(z452,5)- 


This relation, of course, is the linearlization of (2.35): taking 17 
of both sides of it yields (2.35). Note that Ps(V) AB)(G). In fact 
Ps(V). is the subgroup of Bo (G) consisting of pairs (o,f) with 
f quadratic; cf. (2.39) below. 

Note now that (2.38) associates to each o in Sp(V) one 
and only one quadratic form on VxV*. (We are assuming F 
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has characteristic zero, in particular, characteristic not equal 
to two.) Therefore the homomorphism 


(o,f) > f 


is an isomorphism between Ps(V) and _ Sp(V) 
Since the same map from By(G) to Sp(G) has kernel 
isomorphic to (GxG*)* the analogy between the exponentiated 


and unexponentiated theories breaks down here. However, the map 
(2. 39) (o,f) 4 (6,Tf) 


does imbed Ps(V) homomorphically in Bo(G) so we can still 


obtain an extension of Ps(V) by pulling back (2.37) through u: 


1—> T—> ¥,(v) > sp(v) 1 


1— T— 5B) ros Bo(G) —> 1 


The group 


Mp(V) ={(s,8) erty) x Bola): Po (Ss) =u(s)} 


is Weil's general metaplectic group. It is a central extension 
of Sp(v) by T. 
Weil's results concerning the non-triviality of Mp(V) include 


the following: 


(a) Mp(V) always reduces to an extension of Sp(V) by 
Z5, i.e. the cohomology class it determines in H°(G, 7) is of 


order 2 ; 

(b) the extension Mp(V) is in general non-trivial; in 
particular, if F#€, and V is one-dimensional, Mp(V) is always 
a non-trivial cover of Sp(V) by Zp + 
These results yield a (topological) central extension 


(2.40) Lie eae Sp(V) > Sp(v) >= 1 
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which by Proposition 2.3 must coincide with 
1+ Z, > 8L,(F) > SL,(F) > 1 


when V=F. TI.e., Weil's metaplectic group generalizes the meta- 
plectic cover of SL,(F) constructed in 2.2. 

Although Weil's construction does not immediately yield an 
explicit factor set for SL,(F) it does a priori realize this group 
as a group of operators. In fact, it provides a host of representations 
for this group. These correspond to quadratic forms over F and in 
explicit terms are realized as follows. 


Fix a Haar measure dy on F such that the Fourier transform 
e > 
f(x) = ff(y)r(exy)dy 


satisfies (£) (x) =f(-x). Recall that + is the canonical character 
of F whose conductor is On . Given (q,V), fix an orthogonal 

basis Xj,-..,X, of V such that if X=Ex,X,, then q(X) =4(x,5-)x,) 
= ae with Ly=s q(X,,X,). Let 1, denote the character 

Til(y) =T(ayy) of F, i=1,...,n, and let d,y denote the 
corresponding Haar measure on F, normalized as above. 


If F is non-archimedean, the limit 


y(t.) = lim 


2 
i cae Jdyy 


Iroo 


is known to exist (by Weil [47] it is an eighth root of unity). 


Consequently the invariant 
n 
y(q,7) = Ml y(r,) 


is well-defined. If F=R, and 1,(x) = exp(n/-1 4,x), set vty) 
equal to exp(7 f=1 sen(4,)) and define y(q,t) as above. Finally, 


if F=¢, set y(q,71) identically equal to 1. The Fourier transform 


on L*(v) is defined to be 


Theorem 2.22. For each te«F* 


let Ty, 


U 


of F defined by T4(x) = (tx) and denote 
Suppose we use (q,V,t) to imbed SLp(F) in 
Then a cross-section of Sp(V) over SL,(F) 


provided by the maps 


(2.41) [5 2) > (tp P1)a(x) = 


(2.42) i oa a r([¢ “o) a(x X) 


(8 e LF(v)). 
to a multiplier representation of SL,(F) 


cocycle is of order two. 


Remark 2.23. 


d,Y 


and Haar measure £ 


respect to Te 


= y(q,t 


More precisely, for each t eF*, 


in L°(v) 


denote the character 


T,(bq(X) )8(X) 


y(a,t,) by y(a,t)- 
Sp(V) (and Bo(V))- 
(c.f. (2.40)) is 
)-78(-x) 


these maps extend 


whose associated 


In (2.42) the Fourier transform is taken with 


= |t|"/@ay. 


Thus 


=f (x,¥)) [41 9/2ay . 
V 


Proof of Jeon 2.22. 


Without loss of generality we assume 


t=l1. Since dY= ql d. yy it is easy to check that the operators 
t=1 
in question are tensor products of the operators in L°(F) 
corresponding to Ts namely 
1b 7 2Q\- 
v Lg: ))E(a) =n, (exe EC) 
and 
0 -1 -14 
r((2 “A})e(x) = y(r4) FC-w 
j=l1,...,n. Thus the Theorem is reduced to the case V=F, 
a(x) =x", precisely Theorem 1.4.1 of Shalika [35]. 


We note that SL 


3(F) 


is generated by elements of the form 
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Ee “al and (S a subject to certain relations. Thus one could 

follow Shalika directly and prove Theorem 2.22 by checking that these 
iff O -1 

relations are preserved by the operators r([o D) and r([3 ol): 


In any case, the resulting multiplier representation of SL,(F) 


will be denoted ry and called "the" Weil representation attached 
to the quadratic form q. (This is an explicit realization of the 


representation ty of Example 2.21). 


Corollary 2. 24. vy is ordinary if and only if V is even 
dimensional. 
We conclude this Section with some remarks. Although the group 


of operators By(G) is irreducible (it contains A(G)), the 


representations vy are never irreducible. In fact, their 
decomposition is now known to be of great importance for the theory 
of automorphic forms and group representations. 

For the case when q is the norm form of a quadratic field, 
see [35], [45], [36], and [18]; for the case when q is the norm 
form of a division algebra in four variables see [37] and [18]. As 
already remarked in the Section 1, no such complete results have 
yet been obtained when _q_ isa quadratic form in an odd number of 
variables. This is because until recently no one seriously attacked 
the representation theory of the two-fold covering groups of SL,(F). 

In these Notes we shall describe how a Weil representation in 
one and three variables decomposes and how its decomposition relates 
automorphic forms on GL(1) and GL(2) to automorphic forms on 
the metaplectic group. The general philosophy is explained in 


Subsection 2.4. 


2.4. A philosophy for Weil's representation. 

The purpose of this Subsection is to describe a simple principle 
which (though unproven) underlies most of the results of these Notes. 
Roughly speaking, the idea is that quadratic forms index 1-1 
correspondences between automorphic forms on the metaplectic group 
and automorphic forms on the orthogonal group. 

Let F denote a local or global field of characteristic zero, 
(q,V) a quadratic space over F, and ry the corresponding 
representation of SL, (F). Let H denote the orthogonal group 
of q. This group acts on L (Vv) through its natural action on 
Vv. The resulting representation of H in L?(v) may be assumed 
to be unitary and we denote it by A(h). 

Now fix F to be local. From Theorem 2.22 it follows that 
for heH and SB e« SL, (F) the operator A(h) commutes with 
ry(s)- In fact it seems plausible that rq and A generate 
each others commuting algebras. Suppose for the moment that this 


is so. Then the primary constituents of rq correspond 1-1 to 


primary constituents of A. In particular, the commuting diagram 


L”(v) 


Wf N 
SLo H 


leads to a correspondence between irreducible representations of 

H which occur in A and irreducible representations of SL, 

which occur in tg: Following R. Howe, we call this correspondence 
D for "duality". Globally, D should pair together automorphic 
forms on H which occur in A with automorphic forms on SE, 


which occur in aes This is the correspondence alluded to above. 


Since the existence of this correspondence D seems to 
rest on the hypothesis that ry and A generate each others 


commuting algebras, some further remarks are in order. ‘The precise 
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formulation of this hypothesis, in the greater generality of “dual 
reductive pairs", was communicated to me by Howe; as such, it is 

put one facet of his inspiring theory of "oscillator representations" 
for the metaplectic group (manuscript in preparation). In the 
context of Slips at least over the reals, this fact had also been 
suspected by S. Rallis and G. Schiffmann (cf. [52]). On the other 
hand, important special examples of D had already appeared in the 
literature. In [36] Shalika and Tanaka discovered that the Weil 
representation attached to the norm form of a quadratic extension of 
F yielded a correspondence between forms on SL(2) and sgso(2). This 
seems to have been the first published example of D. (Actually the 
correspondence of Shalika-Tanaka was not 1-1 since they dealt with 
S0(2) instead of 0(2).) For quadratic forms given by the norm forms 
of quaternion algebras over F the resulting corresponding between 
automorphic forms on the quaternion algebra and GL(2) was developed 
by Jacquet-Langlands ([18],Chapter III) following earlier work of 
Shimizu. In both cases, the fact that Ty and A generate each others 
commuting algebras was not established apriori, rather it appeared as 
a consequence of the complete decomposition of r.. 


g 

One purpose of these Notes is to describe the duality correspon- 
dences belonging to two forms in an odd number of variables, namely 
&, (x) = x, and a, (ost) a The inspiration for our 
discussion derives directly from general ideas of Howe's, an initial 
suggestion of Langland's, and earlier works of Kubota [ ], Shintani 
[ J], and Niwa [ ]. Our results, specifally Cor.4.18,Cor.4.20, and 
Theorem 6.3, lend further evidence to the general principle asserted 


above. However,as in earlier works, the fact that ry and A generate 


each others commuting algebras, appears as a consequence ofthe existence 
of D. 


2.5 Extending Weil's representation to GL, 


Weil's construction of the metaplectic group produces a multiplier 


representation Ty of SL, . There are several reasons now why 


2 
it is advantageous to extend this construction to GL, . One is 
that Weil's representation for sb, often depends not only on q 
but also on the choice of additive character + . By contrast, the 


natural analogue of vq for GL,, depends only on q. 


In this Subsection I want to explain how Weil's original 
representation depends on + . More precisely, I want to define 
an analogue of ry for GL, which is independent of 7 . The case 
when q is the norm form of a quadratic or quaternionic space is 


discussed in [18]. I shall treat the cases 


and 


2 


2 
1 X3 


hm P 


d3(X15X_sXq) = x 


following a suggestion of Cartier's. 

Throughout this paragraph the following conventions will be in 
force: 

1) F will be a local field of characteristic zero; 

2) n=l or 3 according as q=q, oF G3 3 

3) r, will denote Fas or "a3 ; 


4) {c2 2],1} will be abbreviated by 


i 

Note that the formulas for ry given in Theorem 2.22 depend on Tag? 
Therefore, for emphasis, I shall denote r, by eoCr a) ; the 
notation TH will be reserved for the representation eventually 
introduced for GL, 7 
Proposition 2.27. (cf. [18] Lemma 1.4.). If aeF*, and 

8,C} ¢ 8L,(F), define s* to be {s%,¢ v(a,s)} (ef. Proposition 


s={ 
2.6). Then 
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=) _ =a 
Pre) Us) an as) 
for all ae F* and 8 € SL,(F) 


Proof. We may assume without loss of generality that n=1 
and § is a generator of SE,(F). Suppose first that s=w={l% a laiis 


Then 

ss = fe) On =. 2: 

st = We = eres = [2 aul {1,(a,a)} 
and 


ras) (W(X) = (aya) vCaqer) (rg(T)(03 2518) 0) 


Some tedious computations with Hilbert symbols also show that 
-1 -1 
la 


a oO _ila sane 
lo a7) = wl Ll ] [6 i] W lo 1 ]{1,(a,a)} 


=] 


Consequently 


jn/2 Vidor) 


(2.43) ri(r) (0% S17) a(x) TCP 


(a,a) [a (aX) 


and 


ra(t)(W°)8(x) = Jal/? v(qis7,)8(ax) . 


¥(d,97,)8 (aX) = v(t kw) 8(X). Therefore v(t) (w*) = 


(w » as was to be shown. The analogous identity for 


],1} is completely straightforward. CJ 


Corollary 2.28. The representation r(t,) is independent 


of acF* rf ett) extends to a representation of GL,(F). 


Proof. Suppose Pulte) is equivalent to BAe) for all 


x 


aeF™. Then for each aeF* there is a unitary operator Ro 


in L°(F*) such that 


r.(T )(3)=R 4 


-1 
T 
n‘oa a ni )Re 


for all s¢S8L,(F). Equivalently, by Proposition 2.27, 


v(t) (58) =R, r,(1,)Rp 


But GL,(F) is the semi-direct product of SL,(F) and F*={[5 93}. 


Thus nt) can be extended to a representation of GL,(F) by 


er LO 
def ining rit) (5 alot) to be R, 


Conversely, if r, extends to GL(F), r, (T)( 1 OF 59 will 


; : ; Z 
intertwine r)(™) with r,(T,) - [J 


Example 2.29. If ae(F 


intertwines ry) and r4(T)5 in particular, r,(T) extends 


> say a=a‘, then R,8()=lal 7h ax) 


to a representation of 
GL,°(F) = {{e.¢} ¢ GL,(F) : det(g) ¢ (F*)*} 


In general, ras will not be equivalent to ry(t). Indeed 


ry(t) will extend only to a representation of the subgroup 


{{e.¢} ¢GL,(F): det(g) fixes er) 


To get around this problem we "fatten up" rg(T) before attempting to 
extend it. This way there is more room in the representation space 


for intertwining operators to act. 


Definition 2.30. Let dt denote the restriction of additive 


Haar measure on F to F*. Let vy denote the direct integral 


of the representations Gare with respect to dt. 


Note that the space of Yq is isomorphic to L° (Fo y ae 


Moreover, the methods of Corollary 2.28 imply that vy extends to 


a representation of GL,(F) satisfying 
10 7 -1/2 
(2.44) ry(lg gll®,(0) = Tal sek 


Foy FX) is given 


Proposition 2.31. The action of r in L 
by the formulas 


(2.45) ra(lg {))8(X.t) = ry (ba(x) )8 (x, 6) 
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rg(W)8(X,t) = yq,t)3(X, t) 


(2.46) 
= yv(a,t)f a(¥,t)t,(a(% Yay 
po 
(2.47) gm Ghee etaaire = Waew 
2.47 ry CO an (X,t) = (a,a)fa Wat,) (aX, 
and 
(2.48) ra(lg O1)8(%,t) = fal? a(x, tat) 
Proof. Apply the definition of direct integral. CI 


Proposition 2.31 implies we could have defined MG directly 
for GL, using formulas (2.45), (2-46), and (2.48). In fact this 
construction of vy was communicated to me by Cartier awhile ago 


and my Definition 2.30 simply reformulates his ideas. 


Note that 


a 0 _ Cay, ta) 1/2 Jie 
(2.49) rT ))8(X, t) = yap) lal $(aX,ta Va 35 
Thus one easily checks that aes ay commutes with r, (8) for 
all geG0,(F) iff det(g)¢(F%)* . This is consistent with 


Corollary 2.13(a). 

Now it is natural to ask what shape the philosophy of Subsection 
2.4 takes in the present context? Roughly speaking, the answer 
is that the orthogonal group of q is simply replaced by the group 
of similitudes of q. 

Suppose first that q =q) ° The group of similitudes of ay 


is F*=GL,(F) and its action in L°(#x F*) is given by 


(A(y)@) (x,t) = Jal” 


Note that A(y) clearly commutes with ry, - 
Now suppose gq = 4° If F3 is realized as the space of 2x2 


symmetric matrices with coefficients in F then q(X) =det(X). 
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The group of similitudes of qd, is essentially GL,(F). More 


precisely, define 


t 
gx = gXeg 


when g€GL,(F) and XeF. Then q(g°X) =(det g)“q(X). The 
action of GL,(F) in L°(F2yxF*) is given by 
(A(g)#)(X, t) = [det gl * 8(e ra 
g ; et g]“ 8(geX, t(det g)*) 


and A once again commutes with r 


3° 

The result now is that ry (resp. r3 } should decompose 
into irreducible representations of G@ indexed by irreducible 
representations of GL, (F) (resp. irreducible representations of 
GL, (F) which occur in A ). Globally this means automorphic forms 
on the metaplectic group which occur in ry (resp. rs ) should 
be indexed by automorphic forms on GL, (resp. automorphic forms 
on GL, which occur in A ). The global results that can be 


obtained or expected are described in Subsections 6.1 and 6.2. 


The local analysis is carried out in Subsections 4.3, 4.4, and 


5+5. 


2.6. Theta-functions 

Classically, automorphic forms are constructed from theta- 
series attached to quadratic forms. This is the procedure reformu- 
lated in representation theoretic terms by Weil in [47]. For 
SL5 the idea is this. 

Suppose F is a number field and q is an F-rational quad- 


ratic form in n variables. Define a distributuon 6 on Fo by 


Piecing together local Weil representations a representation Ty 


of SL, 


SL, (F)-invariant. In particular, 8(r,(s)8 = 6(6) for all se SL (F). 


(A) is defined with the property that 8(r,(e) 8) is 


This is the theta function attached to q. For GL,, the point of 
departure is Proposition 2.32 below. 

For v a non-archimedean place of F let 0. denote the ring 
of integers of F, and U, its group of units. Let r,(a) denote 
the corresponding Weil representation of GL, (F,) in L° (FP Xx F*). 
As in Subsection 2.1, Ky is the subgroup of GL, (0,) consisting 
of matrices ies a with a#® 1 and c# 0 (mod N). Here N is 
a positive integer divisible by 4. Thus i = GL, (0 


has odd residual characteristic. 


Proposition 2.32. Suppose q = q, or q3: Then for almost 


every v, r.(q) is class 1, i.e., the restriction of r,(a) to 


rr 
GL, (0) has at least one fixed vector. More precisely, for each 


place v, define ay € Le (e x FY) by 
(2.50) i Ges so) S07 ( 1 ee eo ee 
i=l Vv UL 
Here << denotes the characteristic function of On and ee 
v 


denotes the characteristic function of Uy = fyeUty = 1 (mod N)}. 
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For all odd v, 
(2.51) role) (kr). = § 


N 
for ke Ky 
Proof. The group GL (0,) is generated by the matrices 


[6 2) (b € 0,) 
WwW 


and L 


[9 a) (a € U,). 


Thus it suffices to check (2.51) for these generators. 
Recall that our canonical additive character 7, has conductor 
O,- In particular, 1 (tbq(x))=1 if q(X) € 0, be O,, and 
1 by, ,0 ; ° 
t¢ U,. Therefore ry(a) (5 1) 8, (%, t) = a7 (X,t). Note also that 


the Fourier transform of 1) is 1). Thus r.(q)(w)8)(X,t) = 49(X,t). 
Vv Vv 


6 oDa (x,t) = [al -2/?8°(x, ta7}) = #°(X,t) is 


Oa 
obvious since ae UL. im 


The fact that r.(a)([ 


To define Ty globally, and to introduce theta-functions on 
Gp we need first to define an appropriate space of Schwartz-functions 
on Fa x Fa: We shall say that @ on Fa x Fa is "Schwartz-Bruhat" 
if (X,t) = ~ $ (Xt) and: 


(i) a (X,,t,) is infinitely differentiable and rapidly de- 
creasing on Fy xX FY for each archimedean v; 
(ii) for each finite v, &, is the restriction to FD x 
of a locally constant compactly supported function on gett 
(iii) for almost every finite v, ‘., = ay (the function defined 
by (2.50)). 
Denote this space of functions by (Eh x Fa) Since J (Fy x Fa) 


is dense in L (FA x Fa)» we can define a representation r of 


in L° (re x Fi) through the formula 


=| 
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r_ (@)6 = ® r(a)(e,)%- 


By virtue of Proposition 2.32 this definition is meaningful for at 


least all $c SF x Fa). Indeed for almost all v, & 


7 € GLp(0 


*) 
= ° = — ‘ ars s 
and $= @ . Thus r (a) (8) &, = 6 and ry (ei again belongs to 
po x é : - , : : 2 
(Ep x Fa): By continuity, r,(8) operates (unitarily) in L*. 
The role of Te in the local theory is now played by a non-trivial 


character Tt of FA. 


The theta-functions on @G, corresponding to q (or r.) are 


A 
defined as follows. For each 6 « J (m x Fa) define 6(%,g) on 
Gay by 
oe) = =) (x (BRE, 7) 


(8, n)eFoxF* 


Proposition 2.33. For each ye GL,(F), 


(2.52) 8(%,YE) = 6(4,8); 
i.e., 6(8,g) is GL,(F) invariant. 


Proof. We may assume without loss of generality that ¢ = {1,1} 
; a 
and y is a generator of GL,(F)- Suppose first that y = lo si 
with beF. Then 


ry (v)8(X,t) = 7 (bta(x)# (x,t) 


with T = te trivial on F. But q is F-rational. Thus 


ry (v)9(S50) = #(€,n) for (8, ) « F’ x F* and (2.52) is immediate. 


Now suppose Y = w. From Weil's theory (cf. Theorem 5 of [47]) 


it follows that y(q,T,) #1. Moreover, |t| = 1 if te F% 
Therefore, 
n/2 a 
z rg (w)8(6.n) oa =| n| ¥(dsT,)8(mé 57) 
A 
" x $(n€,n) 


an 
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Z 3(€,n) 


= 9(€,7n). 


The last step above follows from Poisson's summation formula. 


Finally suppose ‘s o with ae F*. By formula (2.48), 


[o a 
Ty(y)8(é.n) = |aj 72/2 a(¢,na7t). But tal 2/2 = 1. Therefore 


=z ry (v) 8(85n) = 2 4(€,n) as desired. [] 


Observation 2.34. The function 6(%,g) always defines an 
automorphic form on Gy i.e., 8(%,8) is always Gp invariant. 
Nevertheless, it may often be the case that @(g is identicall 

(X, 


zero. Suppose, for example, that 4(-X,t) = -é ), i.e. $ is an 


odd function in X. Then ry (é)@ is also odd for all Ze Ga 


For simplicity, suppose also that F=. From formula (2. AT) 4 
follows that r aes _9])8(X%, 6) = -8(X,t), tee. 


oT 6 2 
8(%, [5 _1]8) = - 9(4,6)- 
But by the Gp-invariance of 6, 


8(8,g) = 8(4, [ 5 wie 


Therefore 6(%,2) = O. 


We close this paragraph by demonstrating how 96(%,8) generalizes 


the basic theta function 


Proposition 2.35. Fix n= i, F=Q, and r= ry: Suppose 


q 
= er) a _ 
$= t, where ee: = $ for all os p an $ (x,t) = 
: a: Z AYfS pom /2 
| t| 1/4 e | t] 2x - Then if g= cp xy 


rat, 
: ye! 


8(%,8) = yl “a xvi). 
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1/2 _ -1/2 1/2 
: dy ay 6) 
Proof. Since [” sd J=[,75]1 _j/ol> 
5 yee Ord . 1/2 


2 a) 
Er (e)a(g.n) = 2 jy[2/# e-2my8 aris xn. 
857) 


2Tix 
e 


Here we choose Tt = I Ty with 1 (x) = and 1, trivial on 


O% for p < o Thus (€,n) contributes to the summation above 
only if § ¢€Z and n= 1 (recall i= 1 ol Nw? I.e., 


= ' 2 e 2 
(8,2) = yi/4 5 eetin (xtly) | 
N=~00 


as was to be shown. [] 


Note that for ae (0,»), and $ as above, 
a O , i7 
r((3 21)8(g.n) = Jal 


= fal? |ean2)-1/4 go] t]enx" 


2 
[opr gofelanx® _ #(&,n). 


Thus 0(8,g) is actually defined on 


0) 
Z GNGp - 


co 


ye 


§3. Automorphic Forms on the Metaplectic Group: Global Theory. 


3.1. Preliminaries. 

We start by describing the correspondence between classical 
forms of half-integral weight and automorphic forms on the metaplectic 
group of Section 2.2. 

For convenience, we shall assume that the ground field is Qq. 
Thus we shall consider functions f(z), defined and holomorphic 


in {Im(z) > 0}, satisfying 


(3.1) f(yz) = £(2448) = x(y) (ezta)*/?£(2) 


for all ye 1, (N). Here, as before, k is an odd positive integer, 
N is a positive integer divisible by 4, and y(y) is the multi- 
plier system of dimension 1/2 described by (2.30). 

We shall also assume that f(z) is holomorphic at the cusps 
of T,(N). In fact we shall assume that f(z) vanishes at these 
cusps, i.e., f(z) is a cusp form. (For precise definitions, see 
{38].) Suffice it to say that cusp forms have Fourier expansions of 
the type 


(3.2) f(z) = Z a(n)jexp(e7i n z) 
n=0 


with a(0) = 0, and for these forms, 
(3.3) |e£(z) |1m(z)*/* < M. 


What we want to show is that such forms correspond to particularly 
nice functions on om - The space of these forms will be denoted 


by S(k/2, T,(N)). 


Recall that K, denotes the maximal compact subgroup of GLo (R) 


whose connected component is 


cos®@ - sind), 


KX = S0(2) = {r(@) = [sing cose 
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with O€ @< 27. Although @, does not split over SO(2), K*% 
is still abelian. To describe its character group it is convenient to 
realize K*¥ as Z/4n Z rather than as the group of pairs {{r(6),¢}} 


with r(@) as above. Thus 


KF = [7(8) = eee 
(3.4) K¥ = {r(6) = ane sonal 


with O¢€ @< 4. The isomorphism between these realizations of 
K¥ must make {r(0),-1} correspond to Y(27) since both these 

elements are of order two (and at most one non-trivial element of 
KE can have this property). Consequently each character of cea 
non trivial on Z, must be of the form 
2. oh i Se 

(3.5) Ex jo(F(8)) = € 


with k odd. 


Next recall the Casimir operator for SL, (IR) in terms of the 


local parameterization 


& = (x,y,6). 
: y xy Ve _ 
Here & =[ 1/2] r(@) , y> oO, x eR, and O¢ 6< 4dr. 
fe) y 


The Casimir operator is the differential operator 


6 2,a° | af ae 
(3.6) Any oe + ae - Y oape 


Proposition 3.1. Each cusp form f in 8(k/2,T, (N)) corresponds 
to a function 9, on SL, (A) such that: 

(1) (yg) = o(g) for ye SL (@) (recall SLp(Q) imbeds 
homomorphically in SL. (A) via the map y> {2 Sq (¥)} 3 

(2) ~(¢e) = cp(@) for ¢ € Zp, i.e-, gy is a genuine function 
on GL, (A); 


(3) @(@ky) = 9(E) for all ky in QM Stp(A)3 


(4) 9(E F(8)) = S,o(F(8))o(@) for all F(e) in KE, te, 
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~. transforms under K* according to the character ey yo} 


(5) viewed as a function of SL, (R) alone, is smooth and 


satisfies the differential equation 


Ag = - EE - 1)9; 


(6) » is square integrable; more precisely, 


le(B)I° de < 
sty(@)\SE (A) /2, se i 


(7) @ is "cuspidal" on SL (A), i.e. 


S. o({t “Tax = 0 (for ae. @). 
NAN 01 
oN 


(This expression is meaningful since Na lifts as a subgroup of 
BL (A). ) 

The significance of (6) and (7) is that ~- will belong to 
the space of square-integrable cusp forms for the metaplectic group. 
The significance of (5) is that -k/li( E - 1) will be the 
eigenvalue of the Casimir operator for the representation 
of SE, (R) with lowest weight vector k/2 (To in the notation 
of Section 4), 


To define Pp and establish Proposition 3.1 we use a few 


Lemmas. 


Lemma 3.2. Suppose & = (g,¢) belongs to SE, (A). Then 
Eg = YE Ko 


with y = fy,Sa(y)} dn SL,(@), ky ={kg,1} in KN SL,(A), and g, in 


8 > (R) determined up to left multiplication by £ Yo» Sa (¥o)} in 


T,(N) = Si,(@) A Sho (R) KS : 


Proof. By "strong approximation" for SL(2), SL, (A) = 


SL (Q) SLs (R) KG More precisely, g@ = Yé,K) , with ge, in SLp(R) 
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determined up to left multiplication by elements of tT, (N). Thus 
{e, C} = {Ys Sn (¥)} {E.? Ca {Kp 4 


with Cas =n By (Vs Ga.) By (¥E52 Ky) Sp (¥) + Tf Yo= Yo» Sa (Yo)} e1,(N), 
straightforward but tedious computation shows that 
-L -1 , 
{ésC} = CYY¥qs Spl¥Y¥g)} fy98,96i} {Ko 1}, with 
{¥o%or Sa} = {Yor Sp (Vo) } {6.53 
For g= (2%) in sL,(R), recall that J*(g,z) = (cz+a)/* 


does not define a factor of automorphy for T,(N). (We agreed to 


+4 
choose wi’? so that -1/2 < are(wi/?) < 7/2.) Indeed by the 
functional equation for the theta-function (Hecke [16], pp. 919-940), 


BV). = y(y) (ez+a) 


1/2 
for y in tT) (N). 
Now we can define gp». For @, = (g,.¢) in SLIj(R), set 


I* (E52) = €J*(g,2z), 


and for f{z) in S(k/2,T,(N)), set 


£(B,,(4) )o*(B1)*. 


" 


(3-7) %-(8) 


Note that in (3.7), 


_ az+b 
(2) ez+d 


if ig = (Ce alae) 3 Thus (3.1) rewrites itself as 


(3.8) £(7(z)) = a* (V,z) *e(z) 


for all Y= {Ys Sq (Y)} in YT (N). (By Proposition 2.16, Sp (¥) 


Lemma 3.3. (a) J*(@,,2) defines a factor of automorphy on 
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(3.9) J*(@ e',z) = I*(g,e"(z))I*(E',z) 


for all @,g' in SL,(R); 


{b) The restriction of J*(g,i)* to K* defines 


a character of Ke non-trivial on Zos namely eyo" 


Proof. (a) The function 


_ J* tz 
(eet) ae ee) 


J*(g,g'(z))J(g',2) 


takes its values in Z, and is obviously a Borel map on Slip (R)xXSL5(R)- 


Since F can also be shown to satisfy the factor set relations (2.1) 
and (2.2) (cf. Maass [24], pp. 115-116), J* defines a factor of 
automorphy on the extension of SL, (R) determined by F. Further 
computations then show that F is the cocycle a described in 
Theorem 2.2. 

(b) By (a), and the fact that ¥(¢) stabilizes i ¢ {Im(z)>0}, 
the restriction of (a*)* to ke clearly defines a character of 
K¥. But by definition, J*((1,¢),i)* = ch =¢. that g* = Fo 


follows from the definition of ) /,. [] 


Proof of Proposition 3.1, 
Note first that %-(B) is well defined even though go in 


(3.7) is determined only modulo T,(N). Indeed by (3.8) and (3.9), 


£2 (1 Ie) = 


—73\Kp;>-s s73)\7hiyys -k 
I*(¥o98,(4) £(E (4) )I* (vos (4)) J*(80>k) 
[ %-(8) 
for each Yo in T, (N). 
Properties (1) - (4) are trivial. To prove (5), recall our 


analyticity assumption for f(z). Then use straightforward computa- 


tion (applied to »,(x,y,8) = ye (xtiyye t(K/2)8) to verity that 


: k 
ik + 1 
A t 
dpe(e)= Be EF fy (Se + 4 sb) r(z) 
2 
oP djyetzye - 


To prove (6), note by (1)-(4) that leop(a)|* actually defines a 


function on the homogeneous space 
ate N = 

SL,(Q) \ SL, (A) / Ko Kx 
which by Lemma 3.2 is isomorphic to 

T,(N)NSE,(R) / RE 
Consequently 
(3. 10) Slep(e)|Fag = (constant) ff |#(z)|2yk/* sxx 

y 


and the right-hand side of (3.10) is finite by (3.3). 


To prove (7), simply compute: 


als = al 
S o((5 leax = f w([5 fle)ex 
Q\A Z\R 
ce rn sige eee 
> fart ls Sle (Ase et) ax 
Z\R 
= J*(Z_,1)~*a(o) 
where a(0O) is the zeroth Fourier coefficient of f. This 
completes the proof of Proposition 3.1. al 


Remark. The Petersson inner product in S(k/2;T,(N) ) is 


given by the integral 
[pelea yh/? Sxgy 
P y 


with F a fundamental domain for r,(N) in H. This integral 


diverges in general for non-cuspidal modular forms in M(k/2,T,(N)). 


It converges, however, for modular forms of weight 1/2 (k=1). 
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We conclude this paragraph by remarking that Proposition 3.1, 
with the obvious modifications, is valid for Gy in place of 


SL,(A). For Gas one must appeal to the fact that 


2 
seg FG oN 
(3.11) Gy = Ge Ge Ko 
where e denotes the connected component of the identity in GL,(R). 
The result is that functions on G, which are trivial on A and 


satisfy (1)-(7) of Proposition 3.1 again correspond to ¢lassical 
forms of weight k/2 
Proposition 3.1 also generalizes to arbitrary number fields. 


However, (3.11) must be replaced by the identity 


with a5 € Gy - Consequently one starts with h eiagsieat forms 

f, of weight k/2 and defines @ on Gy by applying (3.7) to 

ts and each piece GpasGoky - The result is that functions on 

on trivial on ie and satisfying (1)-(7) of Proposition 3.1 now 
correspond to collections of classical forms of weight k/2. The 
only "new" feature of this general situation is already apparent 

in the case of totally imaginary fields. In this case f is defined 
on a product of "quaternionic half-spaces" and the corresponding 


metaplectic functions g» can be K. invariant. For details we 


refer the reader to Proposition 5 of Kubota [21]. 


3.2 Factorization of Automorphic Forms. 


Let X denote the homogeneous space vA GING, » as in Section 
2.2. According to Proposition 3.1, forms in §(k/2, TS (N)) corres- 
pond to special functions in Tk) the space of square-integrable 


functions on X satisfying (Cf) = Co(g) for CeZ Inspired 


2 
by Jacquet-Langlands! theory for GL(2), we now make the following 


definition. 


Definition 3. An automorphic representation of the metaplectic group 
(or a generalized automorphic form of half-integral weight) is an 
irreducible unitary representation of Ga which occurs in the 
decomposition of the regular representation T of Gy in To. 

Our purpose in this paragraph is to explain how such represen- 
tations (like automorphic forms for GL(2)) factor as "products" of 
representations of the Local groups G. Thus we shall first recall 
some basic facts from representation theory tailor fit to the 
groups G, 

Suppose i is an irreducible unitary "genuine" representation 
of G- Suppose also that v is finite and odd. Then we say that 


The is class 1 if its restriction to K, contains the representation 


Toi(k,6) > ¢ 


at least once. Equivalently, the restriction of this representation 
to K, contains the trivial representation of Ky at least once. 
As we shall see in Section 6, such representations will contain the 
identity representation exactly once. 


To make sense out of a product of the form 


v? 
Vv 


where the product is over all places of F, and By is irreducible, 
unitary, and genuine for all v, we must suppose that hi is 


class 1 for almost all v, say for vf So: 
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Let int} denote the collection of 8,,-representation of Gy, 
determined by tr) above through Proposition 2.18 and let i 


denote the space of 7. (or Th). For each v ¢ S., pick a unit 


v oO? 


vector §& in H,, fixed by Ky. By the above remarks, is 


uniguely determined up to a scalar of modulus 1. For each finite 


set S2S,, set H equal to ® HH . Then if S' > 8S, there 
0) Ss ves Vv 


is a natural isometric imbedding of He in Hoi namely 


E>§e( ® ae Consequently we can define the pre-Hilbert 


ves'-S 
oN 
space lim Has and (by completion) a Hilbert space H = @ Hy on 
s 
which the B,-representation 
T' =®@ rT! 
y Vv 


acts as follows: If § =® os is any decomposable element of H, 
Vv 


with ey = gC for almost every v, then 


m'(g)6 = @ wi(e)é, 
for g= (g,,) in G,. 
By the construction above we obtain from oe a unitary 
By- representation of Cp which can easily be shown to be irreducible 
(by Schur's Lemma). The unitary "genuine" representation of Gy 


determined by it is also irreducible. We shall denote it by 


T=8 7. 
moe 
and refer to 7 as the "tensor product of the representations 


Te! (even though this product makes sense only when viewed as a 


product of corresponding multiplier representations of G,) Simi- 
larly, given an irreducible unitary representation 7 of Gy we 
say that 7 is factorizable if it can be realized as 9 Tw, in 


this sense. 


Theorem 3.5. Every irreducible unitary genuine representation 


of Ge is factorizable. TI.e., there exists a family of irreducible 


unitary representations Ty of Gy completely determined by T, 
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genuine for every v, and class 1 for almost every v, such that 


7 = 8 Ty 
in the above sense. 
To prove this Theorem we need to appeal to the fact that each 
local group Gy, is type 1. That is, each factor representation of 
G. is primary. For a proof of this fact for representations of G. 


which are trivial on Z see Howe [17] and Harish-Chandra [15]. 


2 
The Lemma which we shall use to exploit it is: 

Lemma 3.6. Suppose G is a product of locally compact groups 
Gy and Gos Suppose also that the cocycle B on G is a product 


of cocycles By and By on G and Gos and that every B,~repre- 


1 
sentation of G, which is a factor is type I (for i = 1,2). Then: 
every irreducible (unitary) B-representation of G is of the form 
17 ® To with 7; an irreducible unitary 6, -representation of Gy 
completely determined (up to isomorphism) by 7. 

This Lemma is implicit in Mackey [24]. Using it we can sketch 


the proof of Theorem 3.5 following the spirit of [9] and [11]. 


First, fix a place v_ and write Gp as the direct product 


Vv 


G x G', where G! consists of adeles (g ) with g = 1. By 
0 Vo " Yo “6 


Lemma 3.6, 1r', the B,-representation of G, determined by 7, is 


the tensor product of an irreducible unitary By -representation of 
@) 
Ce and an irreducible By -representation of Gy . Thus we obtain 


O 1) O 


a collection of irreducible unitary 8,,-representations of G, for 


each place v. 
Next we need to show that these Ti contain a vector invariant 


for Ky for almost every v. For simplicity, assume that F = Q 


sO v runs through the sequence of rational primes. Let KO denote 


the subgroup of adeles of Gp of the form (1,-+-,1,K,++-,K,+-6) 


where kK, € Ky for w > v. Clearly KO converges to the identity 
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as V-> oo. Thus one can show that H (the space of 7') contains 
a vector invariant for KO when v is sufficiently large, say 


greater than or equal to v From this it follows that Ty is 


O° 
class 1 for each v > Vo: 
Finally we need to check that 7! = @ Ty So choose an ortho- 


normal basis {f,53 in each HY such that fl is invariant for 


1. for each v ¥ Vo: Since 7' and ® i are both irreducible 
it will suffice to construct an isometry from 9% Hy to H com- 


patible with the actions of Gas 


By Lemma 3.6, H can be expressed as SS a) ® H' for each v. 
Vv 
Thus for each v Zz Vo» some vector in H invariant for K, is of 


F ; F ; Bm : 
oe Vwi, ty with ty a unit vector in Ey invariant for 
K,. On the other hand, @ =H ™(® HH), and f is (up 

¥ wiv 7 - wv Wen 


the form ( 7 
we 


to a scalar) the only vector in Hy invariant under K Thus for 


each v aa Vo we get an imbedding of (2 H,) into H (namely 
Vv ‘ 


fof r f with the required compatibility conditions satisfied. 


wv fl 


3.3 The Spectrum of the Metaplectic Group 


Let L? (X) denote the Hilbert space of measurable functions on 


GaN Gy which are trivial on am and square-integrable on 


X= 2° GNG,; 


a quotient space of finite volume. The measure on X is such that 


f £(€)ag = , a f((@,6)) Ide 
X 2 
if X= X/Z, = GyNGL, (A) /z° 


Let L?(X) denote the subspace of Z5-invariant functions in 
L°(X) and T° (x) its orthocomplement. Basic facts concerning the 


decomposition of L° (x) are well-known but we recall them here 
for future reference. For details, see [18] and [17]. 


; ) 
Let By denote the non-unimodular subgroup NpApso of Bn 


(ac is the group of positive diagonal matrices in A.) For each 
complex number s, let eSH(b) denote the character 
a 
ia 1 x eae ee 
ss 
ie) an 
ay 1/2 
of Bi Here H(b) = log l= In general, suppose 
2 
(3.12) g = nh, akz 
t a, O 
‘ e 10) a. 1 
with ne N, hy = is cat ae Ay = (C. Je Ay: l|ay| = [a,| = 1}, 


oo 
keK=K I K,and ze Z°. Then H(g) = t 
re ee ae e4, = . 


Let H(s) denote the space of complex-valued measurable functions 


pe on On such that 


(3.13) . lo(k)1° ak < @ 
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and 
a stl 
+1)H(b 1, 2 
(3.14) o(bg) = efS*H(o(g) = [et] * 9(g) 
for all be B'. The induced representation 
A 
R(x,s) = Ind(Bi, G,, e8#(?)) 


operates in this space by right translation and is unitary when 
Re(s) = 0. Moreover R(x,s) and R(x,-s) are equivalent. The 


basic fact is that the direct integral 


(3.15) J R(x,s)d|s| 
s 
Zz 


intertwines with a subrepresentation qT, of the regular representation 
T of Gn in L(x) but to prove this one needs to introduce Eisenstein 
series for each » in H(s). 


More precisely, if @e C’(BING,) © is said to be of type 


if for each xeG,, (xk) is contained in a subspace of LK) on 


which the regular representation of K is equivalent to 1. The 
space of such @ will be denoted (1) and the collection of all such 
(r) by L. Thus © (+) =H, the Hilbert space of measurable @ 
on BaNtg Savistsine (3.13). 

if Sele) es then B(g)e(Stl)H(e) belongs to the space of 


R(x,s) for all se €, and the Eisenstein series associated to @ 


is by definition 


R(e6.8)= © Blyeel@ttHlve) 
YEBNGy 


However, this series converges only if Re(s) > 0. Thus E(g,b,s) is 
defined for Re(s) = O only in the sense of analytic continuation. 
It is known that E(g,0,8) is meromorphic in the whole s-plane 


and satisfies the functional equation 
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E(g56,s) = E(g,M(s)%,-s) 


where M(s) is the"t-component" of the operator intertwining R(x,s) 
with R(x,-s). Moreover, the properties of M(s) imply that 
E(g,@,s) is regular in Re(s) > O except possibly at s=1. In 
particular, the function E(g,%,s) is well-behaved on X when 
Re(s) = O and may be used to intertwine (3.15) with T,- The ortho- 
complement of the space of To then has discrete spectrum, is denoted 
wa (X) and may be described as follows. 

Let Lp (%) denote the closed subspace of functions in L* (x) 


satisfying the cuspidal condition 


S$ @(l> Tle)ax = 0 
PA 


for a.e. ge Ga This is the space of square integrable cusp forms 


for G,. If LA (E) denotes the subspace of functions in L?(x) 


which are realizable as residues of E(g,%,s) at s=1, then 


LG(X) = L6(x) © LA(E), 


and this decomposition is compatible with Gp 


Before returning to the metaplectic group note that E(g,,8) 
has a pole at s=1 only if the t-type of @ is t(k) = X(det k) 
.(with xX a character of rva* whose square is trivial on FO ). 
In particular, suppose wy, and Ho are quasi-characters of a 
such that bs = |x| and let (Hy Ho) denote the repre- 


sentation of G, induced from the character 


> Uy (8) Up (29) 
0 Bo , 


of BL. Then each constituent of LA (E) is of the form ® 7, with 


Ts equal to the one-dimensional quotient of some such (uy Ho)- 
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Now we return to Gy and the natural representation JT of 
G in T° (X). This latter space consists of functions g in i) 


which are genuine, i.e. satisfy (Cg) = Co(g) for ¢ ¢ Z,. The 


crucial point is that on splits over Bae Thus one can introduce 


Eisenstein series and induced representations as for Ga: 


To be more specific, for arbitrary £€ ¢€ Gp write 


Z= nh, akz 
where aé Ry, ke K, andn,h,, and z are as in (3.12). Then the 
function H(g) = t is again well-defined. In particular, 
a, xX a, 1/2 
ay 1 
H([ 1,€) = log I 
eo) an 2 


2H(D) 


describes the modular function for Ep 
Let denote the Hilbert space of measurable functions 


@ on BING, such that (8) = Co(é) for C€ « Zoo and 
if lo(k) [Fak < © 


(By Iwasawa, Gy = BAK). If 7 is an irreducible unitary repre- 
sentation of K define t and LI as before so that [A = ® (7). 


Now fix @¢€« MH and set 


(3.16) E(Z,0,8)= =f s(ye)e(StlH(yve). 
YeB ING, 


This is an Eisenstein series on the metaplectic group. It makes sense 


since Ge, splits over G, and it converges for Re(s) > 1 toa 


function on ZONGy which is left invariant for Gps As such, 


E(g,8,8) generalizes classical series of the type 


ke -25! 
aay E(z,k,s') = Ey (EEG: 3 are? 
ne ee ce (a) (Tora bental 


and 


(3.18) E(u,0,s) = Z x(y) v(yu) 


This last function is an Eisenstein series over Q(/-d) which 
in our set-up corresponds to some E(g,@,s) with g of "trivial" 
K-type. Such series were studied in [21] and recalled in Section l. 

The function described by (3.1/7) corresponds to an Eisenstein 
series for the metaplectic group defined over Q. This series was 
investigated first by Siegel in [42], then more recently by 
Shimura in [39]. 


In general, these Eisenstein series intertwine certain induced 


representations with a subrepresentation of T. To be more precise, 


let ceSH(b) denote the character 
a, x = 
>. 1 sH(bD) 
b= (Lo at) > ee 


by Bi. Then the induced representation 


sH(b) 


) 


R(x,s) = Ind(B,, G,> Ce 


O and satisfies 


U 


is unitary when Re(s) 
R(xXC,s) = €R(x,s) 


for all_se¢€. (R(x,s) is a genuine representation of Gq: ) Its 


space H(s) consists of functions » on G, such that 
@(B &) = cel St) H(P)y 


for all be BA » and 


S$ leas) |* ax < @. 


K 


Note that if @«¢H, the function B(Z) 0 (St1)H(e) belongs tro 
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the space of R(x,s) In fact the correspondence 


I(s): 6(B) > B(zZ)e (St) H(e) 


is an isomorphism between MH and fi(s) and it is easy to check that 


(3-19)  T(X)E(E,f,s) = B(@,171(s) R(X,s) I(s)p,s). 


Clearly (3.19) says that E intertwines R(xX,s) with a sub- 
representation of T. However, as for GL(2), this statement is 
meaningless unless the analytic continuation of E(g,,s) is 
exploited. 

Roughly speaking, the analytic continuation and functional 


equation of E(g,0,s) makes it possible to intertwine 


i) iis) dls| 
Re(s)=0 
Im(s >o 
with an invariant subspace of T° (X) whose orthocomplement decom- 


poses discretely. This orthocomplement, call it Ts will be the 


direct sum of TA (8). the space of functions in T° (kX) satisfying 


the cuspidal condition (7) of Proposition 3.1, and a space 15 (2) 
consisting of residues of E(x,f,s) at poles at the right of Re(s) =0. 
These poles of E(x,@s) coincide with those of the operator 
M(s) intertwining R(x,s) with R(x,-s). In [10] we show they occur 

only at s = 1/2 and generate representations which are simple to 
describe. A new feature of the decomposition of ED) (as opposed 
to L°(x)) is that in the latter only infinite-dimensional (as 
opposed to one-dimensional) representations occur outside the space 
of cusp forms. Thus if 7 = ® Ty so occurs it is natural to ask 
what its local components are? This last question really just con- 
cerns Eisenstein series. The remarks below are included to explain 


the question and to show why Sections 4 and 5 are prerequisites for 


a meaningful response to it. 
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Note added (March 1976). Precise results concerning the analytic 


continuation andpolesof E(x,%,s) were announced in[10]. Complete 
proofs of these results (at least for certain special choices of Q%) will 


appear as part of a joint work with Jacquet [54]. 


3-4. Odds and Ends. 


Recall that R(x,s) is the representation of Ga induced 


sH(b) st fe) ‘ F 
from the character Ce of By = Na Apa Zo° Thus by inducing 


in stages, 
R(x,s) = Ind(By sq, T(b, s)) 


Here T(b,s) denotes the representation of By (the full 


triangular subgroup of Gy) induced from ceS(b) | 
Now let R(A) denote the subrepresentation of the natural 
representation of Ba in L(A pAC\E, ) whichacts on genuine functions 


on Age Since the quotient Ahly is compact, 


R(E) =® mX 
nN 


with the summation extending over the "genuine" dual group of 
Ba is a non-zero integer for only countably many 1%). 
If we view T(bd,s) as a representation of An it is easy to 


see that T(b,s) is the tensor product of R(A) with the one 


dimensional representation ceeH(a) of ree Thus 
(3.20) R(x,s) = © R(x,A,s). 
x 


= ’ =i 
In (3.20), X denotes an irreducible unitary representation of An 


occuring in R(A) and R(x,A,s) denotes the principal series 

representation of Gp induced from the representation 

K(5) eStl@) of An = Ba x i extended to Bp in the obvious way. 
Now suppose 7 is an irreducible representations of Gp which 


occurs discretely in T outside the space of cusp forms. Then 7 


is a constituent of 15 (8): From the theory of Eisenstein series 
for the metaplectic group (see [10]) it follows that such a representation 
imbeds (as a quotient) in some R(xX,\,s) withO<s<{1/2. Thus the relevance 


of these principal series representations to the problem posed at the 


end of Subsection 3.3 is obvious. 
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To analyze R(x,A,s) it is necessary to decompose XK as a 
"product" of local representations Xe However, Ba is not 
abelian. Thus it should not seem surprising that each ae has 
dimension greater than one and WX isinfinite dimensional. So to make 


sense out of the product 
(3. 21) Ks @h,, 


we must (as in Section 3.2) interpret it in terms of the cocycle 
representations it determines. This will be possible since each 
irreducible unitary 6,,-representation of AL will contain the 
identity representation of AL.# KL exactly once. (We note that NG 
will turn out to be four-dimensional, at least when v is 
finite and odd. ) 

The facts needed to make (3.21) precise will appear in 
Sections 4 and 5. We shall see that each Le is induced from a 
character of a subgroup By of index four in By. From this 


it follows that 


with 


2. (X54 >H5) = Ind(Bt,G,CujH5) 


. x > FS ° * * 
and Uy sHo quasi-characters of ae It is precisely principal 
series representations of this type which will be discussed in 


Sections 5 and 6. 


Let us return now to T(E). As already noted, the poles of 
E(x,6,8s) to the right of Re(s) > 0 all occur at s=1/2. Thus 
the local components of the corresponding constituents T of 
15 (E) will be quotients of the local representations 


Py(Hysto) with ube (x) = |x| 2/2, Moreover, the global map 
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alluded to in Section 1 will "explain" this phenomenon as follows. 
The map S will eventually be defined for irreducible unitary 
representations of Gy non-trivial on Z,. When F = Q(,/-d), 
S will associate to the representation or, generated by the 
Eisenstein series (3.18) the one-dimensional representation of Gin 
generated by the poles of Eisenstein series on Gas For finite 
Vv; S(T) will be the class 1 quotient of a principal series 
representation of index s = 1. The corresponding eigenvalues for 
the zonal spherical function of Te will be consistent with those 
of S(T) and the eigenvalues of E(u,s) with respect to Hecke's 
ring. On the other hand, if F= Q, suppose the infinite component 
of wm is a representation of Gp 
Then the infinite component of S$(7) will be a discrete series 


whose lowest weight is k/2(k > 3). 


representation of GR whose lowest weight is k - 1. Thus the map 

S will also play a crucial role in explaining Shimura's theory. 
Actually, the correspondence for F = Q will not exactly contain 

Shimura's (cf. Section 1). Indeed Shimura's forms are automorphic 

with respect to T)(N) and such forms need to be lifted above Ga 

to a slightly larger cover. (A four-fold cover will do since the 

functional equation for 6(z) implies that for y,,Y5 in P(N), 

I*(¥1Y591) x* (Yo) 


J* Yy2Yor J* Yo? - Bs Yq y* Yo 
with 


xr(e al) = @ ey 


and 7 1 or i according if d is congruent to 1 or 3 
(modulo 4). Thus our results at best are "consistent" with 
Shimura's. 

As already suggested, all these questions will be described 


more carefully in Section 6 after the necessary facts from repre- 


sentation theory have been obtained. 


84. Local Theory: the Archimedean places. 


.non~m™5*7°7™7y4N9Y9Y”0:-”.:—-—<""wxTOTo#”*009T?—#"———""'-'-'"””——O?— 


4,1. Basic Representation theory. 


We start by developing the representation theory of GL, (R) 
in a form suitable for our definition of the local map S(7,). 
The theory for GL (C) is well-known and will be recalled briefly 


in the next Subsection. 


Section 3 suggests that we restrict our attention to 
=~ ae e) 3 
representations of GL(R) which are trivial on Z), i-e. to 
representations of the subgroup 
BLy(R)* = {(g,¢) € G(R): det(g) = #2}. 


We start by dealing with SIj(R) which (for the moment only) we 


denote by G. Important subgroups are 


Zz 
i 


Uieqit] 


A = inverse image of A = cc a) in G. 
ao 
Ao = it al! eA: a> oO} 
K = inverse image of sS0(2) = K 
and 
M = centralizer of A in K. 


0 
Recall that K may be identified with the group of rotations 


r(8) = fee cal with O¢ @<¢ 4. M is the inverse image of 


M = 41, and hence is a cyclic group of order 4 generated by 
y ={-8,,1}. 
Since A obviously imbeds as a subgroup of G (the Hilbert 


0) 


symbol being trivial on Ry) the Iwasawa decomposition for G is 


(4.1) G=NA, XK. 
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Also, since G is a connected semi-simple Lie group with finite center, 
Harish-Chandra's general theory is completely applicable. [In 
particular, every irreducible unitary representation of G is 
admissible (its restriction to K decomposes with finite multiplicities) 
and every such representation is a subquotient of some (possibly non- 
unitary) principal series representation of the following type. 

Let B denote the inverse image in G of the upper 


triangular subgroup of G. Then 


(4.2) B=MA) N. 


Fix a quasi-character A of A an irreducible representation 


0’ 
t of M, and consider the representation of B (actually B/N) 


defined by 


(4.3) A@T(mM an) = t(m)A(a). 
The resulting Banach space representation 
p(\,T) = Ind(B,G, A®r) 


will be unitary iff » is, so in general, p(A,t) is a non- 


unitary principal series representation. 


The space of p(d,T), call it B(A,T), consists of measurable 


functions f on G_= such that 


(1.4) £(B g) = 8°72 (5)net (B)£(@) 


fle() [Fak < 
K 


x 
Here 6(b) = 6([ _51,6) = lal? denotes the modular function 


for B. Since NA) K, B(A,7) may also be described as the 


space of square integrable functions on K satisfying 


f(b kK) = T(b)f(k) 
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for b in (the finite group) BNK=M. Note that p(A,7T) will 
be trivial on Z5 (and hence define an ordinary representation of 
SL (IR) ) iff 7™ is trivial on Z,. Thus we want to further 
analyze these representations 7 . 


There are precisely four irreducible (unitary) representations 


of M and they are given by the characters 
(4.5) t(yJ) = eTidT 


where j=1,2,3,4, and 17=0,1,1/2, or -1/2. Since ye ={-1,,]} 


T (and hence p(A,T)) factors through Z, if and only if 


2] 
T=0 or 1. Before describing how p(A,T) reduces (if at all) we 
must introduce a convenient basis for B(A,7). 


If naeNAj, and O¢@<4r, define g (ge) on G by 


(41.6) (na z(e)) = r@T(aerm 


Here m is an integer of half-integer depending on 1. More precisely, 
(a) m is an even integer if 7 =0 ; 


(b) m is an odd integer if 7T=1; 


4/2, with 2 


(c) m 1(4) if 7t=1/2; and 


4/2, with 4 


i 


(d) m 3(4) af 1 = -1/2. 


In any case, the appropriate collection {9} comprises a basis 


for B(A,T)- 
a O 8 
Since every quasi-character of Ay is of the form A([ 1 1))=4 ; 
om) 
X will henceforth be treated as a complex number, namely s. Also, 


k will denote an odd positive integer greater than or equal to three. 


Lemma 4.1. (a) p(\,0) is irreducible if A is not an odd 
integer. However, if A =k - 2, B(A,O) contains exactly two 


invariant subspaces, namely 


B_(A+1) = B_(k-1) = _f Cy, 
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and 
B, (A+1) = B (k-1) = 2 Ce 
” = m-(A+1)  ™ 
m=(A+1) (2) 
if  =-(k-2), B(A,0O) contains exactly one invariant subspace, 
namely 
B(A+1L) = Dy te» 
|m|<-A41 
m= (A~1) (2) 


and this representation is equivalent to the quotient 


B(A, 0) /B, (K-1)®B_(k-1). The results for p(dA,1l) are identical 


with A = k-3 (an even integer) replacing A = k-2;3 


(b) p(d,#1/2) is irreducible if A #+ . However, if 
ij aes » with k = 1(4), B(A,1/2) contains exactly one invariant 


subspace, namely 


and B(d,-1/2) contains the invariant subspace 


-1/2 
B (-A-1) z CG.1 /2 
+ m'<-k / 
m's=i (Ht) 
on the other hand, if 2 = a= with k = 3(4), B(A,1/2) contains 


the invariant subspace pl/? (_«/2) and B(A,-1/2) contains 


pil/?(x/2). Similarly, if 0 = - sa) , with k = 3(4), then 


B(A, 1/2) contains pl/?(«/2 + 2) and B(A,-1/2) contains 


eV? uso - 2); at n= - O52) 


sy and k= 1(4), then B(A,1/2) 


contains the invariant subspace Bl/? (x /2 - 2) and B(A,-1/2) 


contains Tuk s + 2). 
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(c) The subspaces pel/?(a(aia)) have infinite codimension 
in B(A,+#1/2) and the representation theory at 2» is complementary 
(in the obvious sense) to the theory at -A; for example, the 


irreducible representation of G in pi? (1/2) (corresponding 


to A= -1/2) is equivalent to the quotient representation 


B(-1/2,1/2)/BY’? (3/2) (corresponding to i = 1/2). 


Proof. Part (a) concerns SL,(R) and is well-known. Since 
the Lie algebra argument used to prove it works equally well for the 


covering: group we simply sketch the argument below. 
Consider first the elements 
= i = 
go he ei See 
and 
= Ol 
Ei lore! 
in the complexification of the Lie algebra of Gp: These elements 


clearly span the complexification. Furthermore, they act on B(A,7T) 


through the formula 


_ af 
o(X) f(g) az (s PRO Ns oo9 


valid for smooth f in B(A,t) and arbitrary X in the Lie 
algebra (hence also for xX in the complexification by the obvious 
extension). Thus one obtains a representation p(X) of the 
complexified Lie algebra (hence also the universal enveloping 
algebra) in the space of K-finite functions in B(A,7). 


For each basis element of B(A,T), 


(4.7) e(U)e, = img, 
and 
(4.8) e(V,)®,, = (A+lim) oy 5 . 


These formulas are independent of 1. Moreover, the first implies 


7 


each invariant subspace of B(A,t) is spanned by the Pn 56. 
contains. Therefore, since p(d,1t) is (topologically) irreducible 
if and only if p(X) is algebraically irreducible, the Lemma follows 
from (4.8). [7] 


Lemma 4.2. The following representations exhaust a set of 
representatives for the equivalence classes of irreducible unitary 
representations of (@: 

(a) The representations p(it,t) with t¢«R; 

b) The representations p(s,0) with -l1<¢s <1, s 4 0; 
the representations p(s,+1/2) with -1/2<¢s<¢ 1/2, s #0; 

c) The representations in B, (+(k-1)), B, (+(k-2)), 
eae pi/? (-K/2), Bi/?(-K/2), and prl/?(K/2) with > 35 


d) The trivial representation of SLo(R) > and the representa- 


tions of Gp in pL/? (1/2) and Bi? (-1/2). 


Proof. The results for SL, (R) are again well-known and the 
results for SL,(R) can be deduced from Sally ({33] and [34]). 
In all cases except (a) one must introduce a new immer product in 
B(A,t) (or an appropriate subspace thereof). Also, to be precise, 
we must recall that (0,1) is reducible and the direct sum of 


two irreducible representations. [] 


Terminology. 

The representations p(A,t) in (a) will be called continuous 
series representations, those in (b) complementary series representa- 
tions. The only equivalences are p(A,T) = p(-A,T). 

The representations in (c) will be called discrete series 
representations of lowest (or highest) weight k-1 (or -(k-1)) 

(or k/2), etc., whichever is appropriate. They will be denoted by 
Tey (or Ted or Ty sores) to emphasize that among the characters 


ei(K-1)®_ (me nighest 


. -- : ik/2 6 
the lowest in Te/2 is e 7 


of K appearing in them, the lowest is 


; ee ; -i(k-1)e 
in 7m, ., is e , 
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and so on.) All these representations are square-integrable on G, 


+ + 
and all but T and 73 /o 


The representations in (d) will be denoted Ty jo" 


lowest weight 1/2 and Ti /o has highest weight -1/2. The 


are actually integrable. 


character_of 7 /o is non-tempered but does not vanich on the elliptic 
set*of SDo(R). _ 
Now we return to the group G* , the inverse image in 
GL,(R) of {g e GL, (R): det(g) = 41}. To describe its representatim 
theory it is convenient to appeal to (a special case of) Mackey's 
generalization of Clifford's theory of representations induced 
from a normal subgroup. We recall this theory here in an abstract 
setting since we shall use it again in another context in Section 5. 
Suppose N is a normal subgroup of index two in the locally 
compact group G If h is a non-trivial coset representative of 
G/N, and 9 is a representationof N, then o is said tobe self- 
conjugate if it is equivalent to its "conjugate" representation 


= o(hnh™*). 


From Mackey [26] one can deduce the following: 


Lemma 4.3. Suppose N and H are as above, and o is 
unitary and irreducible. Then 

(a) If o is not self-conjugate, Ind(N,H,o) is irreducible 
and equivalent to Ind(N,H, 0”); 

(b) If o is equivalent to o%, ‘Ind(N,H,c) is the sum of 
two irreducible representations whose restrictions to N coincide 
with o; 

(c) All irreducible unitary representations of G arise from 


N as above (assuming everything in sight is type Ls 


To apply this Lemma to G¥ we fix h equal to ce ieee 


The crucial facts are then included in: 


“such representations are called "trash" by P. Sally and N. Wallach. 
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Lemma 4.4. (a) The self-conjugate representations of SL5(R) 
are the continuous, complementary, and trivial representations; the 
conjugate of ite is T, 3 

(b) None of the genuine representations of SL, (R) is self- 
conjugate; in fact, each is conjugate to its obvious mate of opposite 
M-type: for example, p( it, 1/2) is conjugate to p( it, -1/2), 


+ : ; - 
™3/2 is conjugate to 3 //o and so on. 


Proof. Part (a) is proved in Section 2.1 of Gelbart [8]. 
For (b), start with the identity 


ax a xX 


(4.9) ACL. .4)¢)h* = ({ 4) s8en(a)e). 
Oa 0a 


(This follows from Lemma 2.11 and the definition of the Hilbert 
symbol for WR.) Now for each f in B(A,1/2), put f(z) = f(hg). 


Clearly f° is zero iff f is, and 


2°(6 g) = f(h B@) = £(boh @) 


8/2 (5) ner, jo(B ye"). 


But by (4.9), r@r(b") = OT _y 7o(); so the map f > f° intertwines 
p(\,1/2) with p(d,-1/2). Since it also takes invariant subspaces 


to invariant subspaces, the proof is complete. ea 


Proposition 4,5. Every irreducible unitary representation of 
G* belongs to one of the following series of representations: 


(a) the continuous series of representations 
p(Agen) = Ind(B¥, G*, 47") 


where B* = {[ 7 j} is the full triangular subgroup of 


G* = {g € GL,(R): det(g) = +1}, 2 € iR, e€ and n=0 or 1, and 


a 


1 
ane 


5 gd) = bagl *sen(ay)]*tsen(ag)]" 


2 
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(b) the complementary series (Avs 1) where r is between 
Oo and i; 


(c) the discrete series representations 


T = Ind(G, G*,7 


k-1 = Ind(G, G*,7 


ke) x-1) 


and 1. where k > 3 is odd; 


k-2’ 
(d) the one-dimensional representations g > [det(g)]°, e = 0 


or. Ls 


Proposition 4.6. Every irreducible unitary representation of 
G¥, non-trivial on Zo» belongs to one of the following series of 
representations: 


(a) the continuous series representations 


p(A) = Ind(B,G*, A@7) /o) = Ind (B, GF, AT _} o) 


where Aed rR, 3 


(b) the complementary series representations p(A) where 
Oo< AK 1/2; 


(c) The discrete series representations 


ZA a 4: een: 
Tho = Ind(G,G¥, 7 5) 
= Ind (G, G, yo) 
(d) the representation Typ = Ina(C, E77.) 


Proof of Proposition 4.5. Observe that 


Ind(G,G*,p(A,e)) = Ind(G, G*, Ind(B, G,,)) 


= Ind (B, G*,A,) = Ind(B*, G*, Ind(B, B*,A,) ) 


ae rN Ore 4 
where A_([ i) = |al“[sgn(a)]*®. But Ind(B,B*¥,A_) = AY ® AL. 
Cy ge € € € 
Thus the Proposition follows from Lemmas 4.2,4.3, and 4.4. 


Proof of Proposition 4.6. Apply Lemmas 4.2 through 4.4 directly. 


4.2. The Local Map. 


As in Subsection 4.1, G will denote SL,(R), G* the 


2 
group {g« GL,(R): det g=+1}, and G* its inverse image in 
GL,(R). 

From Section 3, and the work of Shirmua, the existence of a 
non-trivial correspondence associating representations of SL,(R) 
to genuine representations of G* is clearly indicated. It is also 


to T. 


indicated that this correspondence should associate k/2" 


Med 
In this paragraph we shall define such a correspondence in very 
simple terms. In the next we shall construct (part of) an inverse 
to this correspondence in completely different terms. 

We begin by setting up a one-to-one correspondence between 
certain ordered pairs of quasi-characters (uy suo) of IR* and 
certain irreducible unitary representations of G*. 

Suppose first that 7 is an irreducible unitary representation 
of G* non-trivial on Zy- Let Uys. be quasicharacters of R* 
satisfying the following properties: 

(1) y(-1) = 4,(-1) = 5 

(2) Hy = ee on Ris and 


(3) wyn57(x) = |x[S with Re(s) > 0, Im(s) 2 0. 


Let P(uysHo): denote the representation of G* induced from 


the character. 
a 


1 x 


x 


of B* = f( a,]?6) aya, = +1}. 


a 
eg 
By Proposition 4.6 there will be exactly one pair (Hy sHo) 
satisfying (1)-(3) and such that some (possibly trivial) subquotient 

of P(iy sto)» call it F(z sH)» is equivalent to 7. Hence 
we can speak of 7 and T (Wy sUo) in one and the same breath. 


Now we want to associate to each such pair (UyUo) an. 


irreducible unitary representation of G*. So let p(y so) 
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denote the representation of G* induced from the character 
a, x 
Co ag) > Hylalua(ay) 


of Be If H, (x) =| es then (Hy so) is equivalent to the 
representation (Ag, 0) of Proposition 4.5 with A = AynAos 

Thus we can associate to each (Uy sUo) satisfying (1)-(3) above a 
well-defined irreducible representation of G*, namely p(y rio) 
itself if it is irreducible, or "the" irreducible unitary representa- 
tion defined in a subquotient of (My sH) if p (uy rbo) is 
reducible. We shall denote this representation by T(Wy sk) 

The only ambiguity is when A = 1 (in which case T(HysHo) is 
either the trivial representation or the discrete series 


representation To) 


Definition 4.7. Let A denote the collection of equivalence 
classes of irreducible unitary genuine representations of G*. 
If 7 € HR corresponds to (Wy sty)» define S(T) to be 
w(ue us). Here m(u4 sus) 


according to the following convention: if 7 Ly) is a 


is associated to the pair (desta) 


subrepresentation (resp. quotient) of P(Hy Wo)» then FU) 


is a subrepresentation (resp. quotient) of p BS ie 


Note that p(u5,u5) will be reducible if and only if | 
PluyH,) is reducible. 


Proposition 4.8. The map 


is one-to-one from onto the collection of irreducible unitary 
representations of G* which are either class 1 or discrete series 


representations of even weight. Moreover, if k > 3; 


and the inverse image under §S of the trivial representation of 


G* is the non-tempered representation Tyo: 
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Proof. The proof is immediate from the representation 
theory thus far developed. In fact our definition of the local 
map was inspired by the prerequisite that this Proposition is true. q 
The definition of the local map for F= ¢ is analogous but 
simpler since GL, (©) is the direct product of GL (C) with Zp. 
Let UpoHo denote quasi-characters of a and P (Hy »Ho) 
the representation of GL, (€) induced from the character Hy Wo 
of its upper triangular subgroup. Let B(uy so) denote the space of 
p(w Ud) and B(p,) the subspace which transforms according to the 
unique representation of SU, (€) of dimension n+l. All the 
representation theory we shall need for GL5(C) is contained in the 
two results below. The appropriate references are Section 6 of [18] 


and Chapter 3 of [12]. 


Proposition 4.9. 
= Pq 
a) uj,u,) is irreducible if uj ae #22 with 
P\ Hy U5 1He 


p21, 4271; inthis case, p(ujsu5) is denoted t(uysuU5)3 


-1 = 
(b) If pyys (2) = 2Pz% with p Pi a Ae 


Ba(ttislls) =. 5 B 
si"1?7Fa n>p+2 (Py) 


n= pt+q(2) 
is the only proper invariant subspace of B(uyso)s in this case, 
(Wy so) will denote the representation of GL, (€) in 
Be (MysHo) and T(Uy Mo) the representation in B/B,(Uy>»Uo)+ 


(ec) If wpb (2) =z 7-4, with p ile q > 1 


Be(uyobo) = B(p,) 


z 
Ip-aq| <n < ptq 
n = pt+q(2) 
is the only proper invariant subspace of Buys) 3 in this case, 


T(\y Wo) will denote the representation in Be(Uy >to) and 


O(uy»Hy) the representation in the quotient B/Be (Uy Uo) + 
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(d) T(Wy2Ho) is equivalent to w(uy std) if and only if 
(HysHo) = (ues) or (Ho, by)s 
(e) If wyus Tez) = 2? 7%, with p>1 and q>1, there is 
a pair (vy.V5 ) such that vyV5 =Uyy and o(UysHo) =7(vzsVo)3 finally, 
(f) Every irreducible admissible representation of GLy(€) 
( 


isa WyeHo) for some choice of (Uy >Ho)- 


Proposition 4.10. Each irreducible unitarizable representation 


of GL,(€) belongs to one of the following series of representation: 


2 ( 
(a) the continuous series Tuyo) with Uy so unitary; 
(b) the complementary series representations T(Uy so) 

with pus (2) = els, “6% @ xX as 
(c) the one-dimensional representations g > u(det(g)), u a 


unitary character of ¢%, 


Now let X denote the non-trivial character of Z> and 7 


an irreducible unitary representation of GL2(C) non-trivial on Zp. 


Then 7 =X ® Ty sHo) for some pair of quasi-characters pet 
of «*, Moreover, by Part (d) of Proposition 4.9, Wy and Uy 


are completely determined by T. 


Definition 4.11. Let A denote the collection of irreducible 
unitary representations of GL, (C) non-trivial on Z,. If Teh 
corresponds to (Uy 2Uo) as above, define S(7) to be (usu) « 


Note that the correspondence 
S:t > 7 
takes continuous series representations to continuous series 


representations and class 1 representations to class 1 representations. 


It also takes "the" complementary series representation at s = 1/2 


r . - 2 
i.e. T(WysHo)» with ujt5 = 1 and wes (2) = |z|“) to the 
trivial representation. (In this sense, the complementary series 


representation at s = 1/2 attempts to be a"non-tempered" repre- 
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sentation of the covering group; cf. Kubota [22], [23], and Section 6 
of this paper. 

Note, finally, that S(7) should be unitary whenever 7 is. 
Indeed the only possible exception is when 7 is a complementary 
series representation of index 1/2<s< 1. This possibility, 
at least in the context of cusp forms, should be eliminated by 


global (L-function) considerations. 


4.3 Weil's Representation in 3-variables. 


Let V denote the 3-dimensional space of 2x2 real symmetric 
matrices. We shall identify V with the Lie algebra of SLo(R) 


via the map 


X,+x, X 


11% %3 Xo ~X1tX3 


eS Gere eee | = X, 
X X,-* K > 1 . 3 X1 TX “Xp 


3 2 


Thus a natural basis for V is provided by the matrices 


d- (3 
]; 


= Ot St 7 COPE 
4,= [) “ole 4% = [5 yl] and 4, = [7 Ol 


3 


3 
and X= (X1 »%5 0X3) = 2 x,4,- 
i=l 
Our purpose in this Subsection is to decompose the Weil repre- 
sentation attached to the quadratic form on V defined by 


q(X) = det (X), equivalently, 


2 2 2 
G(X »Xo 5X3) =X)" - Xg° - XQ”. 

Call this representation To The decomposition of ty ties in with 

the map 7 > 7 because Ty defines a representation of SL, (R) 

and the orthogonal group of q(X) is (essentially) SL(R). 

Tix 


To be more specific, fix t(x) =e Then the Weil repre- 


sentation attached to (q,V,T) operates in L°(v,dX) through the 


operators 

(4.10) rg(lg 22) 8(X) = eTida(X) 9x) 
and 

(4.11) eels “918 (x) = en mist 3(-X). 


By Corollary 2.24, the representation determined by (4.10) and 


(4.11) is not an ordinary representation of SL,(R). Rather it is a 


B-representation with $8 cohomologous (in Z°(SL5(R)5Z5)) to the 


factor set described by (2.6). Thus Ty defines a representation 
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of SE,(R) non-trivial on Z, . 


Now we introduce the orthogonal group of q. This group is 


the proper Lorentz group in 3-variables (1 time, 2 space variables) 


usually denoted by S0(1,2). It operates on L°(v) as a group of 


unitary operators 


H(g)@(X) = 8(gX) 


and obviously commutes with "7g since it commutes with the generators 
(4.10) and (4.11). For this reason one expects to be able to decompose 
Me according to the decomposition of the representation H(g). 

The group SL, (R) comes into play as usual through its adjoint 


action 


Ad(g)X = exe? 


on V. This action preserves q(X) and the homomorphism g->Ad(g) 
provides a surjection of SL, (IR) onto the connected component of 
s0(1,2) (with kernel {+0,}). Thus SL, (R)/(+L,) can be identified 


with a subgroup of S0(1,2); the resulting unitary representation 


of Sb,(R) in t®(v), given by 
8(X) > H(g)a(X) = 6(Ad(@™*)x) 
will be called the regular representation of SL,(R) in Lys 


Our first task is to describe the decomposition of H(g) into 
irreducible representations. Roughly speaking, if some primary 
representation of SL, (R) occurs in H(g), its space will realize 
a multiple of some irreducible contituent of ty hence index an 


irreducible representation of SL,(R). The resulting correspondence 


will then be of some interest. 
In what follows we shall restrict our attention to representa- 


tions of the discrete series and simply make parenthetical remarks 


88 


for the remaining representations. Thus our task is to describe a 
subrepresentation of H(g) equivalent to infinitely many copies of 
Teer Note that H(g) is trivial on {+L}, hence its possible 
constituents, including tae must also be. 

Under the action of SL,(R), the space V decomposes into 
orbits of the following type: 

(1) the origin (of no interest); 

(2) the forward (resp. backward) light cone 

{x:q(X) = 0,x, > 0 (resp. x, ¢ 0)} 


(3) a sheet of the hyperboloid of two sheets 


He = {X: q(X) =m 


¥ 


(4) the hyperboloid of one sheet 


H, = {x a(x) 


-m°} 
The action of SL,(R) on each of these orbits is transitive: (2) 


is isomorphic to St.(R) /N, H? is isomorphic to St.(R)/K, and 


Ht 


a= SL,(R)/A 


Our interest will primarily be in Hy since it is in this orbit 


that discrete series appear. 


Let H denote the region {X: q(X) < 0}. Each X = (Xy5%XpsXq) 
in H” is of the form mh with meaf@(xi[ 27? e(<e0) and 

xy Xp ri _ 

—_— — ) eH, - The corresponding integral formula is 


16) 
f e(xax =f ff e(m,h)|m| Pam an 
H Hy -0 
where dh denotes the invariant measure on Hy inherited from 


SL, (IR) and dm is Lebesgue measure on (-~,0). Thus 


LP(H") = LP((-0,0),|ml%am) @ L° (Hy) 


To decompose the H(g) - invariant subspace L°(H-) we need first 


to decompose L°(HT) 
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Henceforth, k is an odd integer greater than or equal to three. 


Let G, denote the space of functions g(X) on V_ such that 


(i) Elg 20, where [] = BOF ho Oe Oy 
8x . OX e ox e 
1 2 3 
(ii) g is homogeneous of degree iS, i.e 
k-3 


e(tX) =g(tx,, tx,,tx,) =t e g(X) for all t>0O;3 


(iii) g(-K) =(-1)© g(X) where e=0 if k#1(4) and e=1 
if k = 3(4); and 


(iv) g(X) vanishes outside H . 


Note that such g are completely determined by their restriction 


to Hy . Thus Gy is a Hilbert space with inner product given by 


the inner product in ? (Hy) 


That Gy. realizes an essentially irreducible unitary repre~- 
sentation of SL5(R) can be deduced from recent work of Strichartz 


({44}) and Ehrenpreis ([53])- The precise result is: 


Proposition 4.12. The natural action of SL,(R) in G, realizes 
the representation Te? Med : 

This follows from a careful study of the K-types appearing in 
[44] (pulled back from $0(1,2) to SL,(R))- 

If we let L°(k,H’) denote the subspace of functions in L°(v) 
which can be approximated by linear combinations of functions of the 


form 


a(x) = £(-1a(x)|?/?)@(x) , 
with geG, and f(m) ¢ LF((-0, 0), |m| *-*am), we have: 


Corollary 4.13. L°(k,H) is an invariant subspace of L?(v) 
for H(g) and (as an SL, (IR) - module) is equivalent to infinitely 


3 - + 
many copies of Tye OTE) . 
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Now using a series of non-trivial Lemmas we shall establish 
the following: 
Theorem 4.14. L°( 2( 


k,H’) is an invariant subspace of L*(V) 


for ‘ and (as an SE, (IR) - module) is equivalent to infinitely many 


copies of TK /o ‘ 


Lemma 4.15. Suppose G(X) =£(-]q(x)] 2/2) q(x) belongs to 


L°(k,H7) with f(m) «J(R) (the Schwartz space of R ). Then: 


(a) (C3 BIVG(x) = £t(-la(x) 17?) a(x) 


where 


f'(m) = eribm on), 
(b) x (CQ GD G(x) = eM F(-1a(x) 17?) a(x) 


where 
k-2 
= wie/2 ey -l,, 2 w K-21 
f(m) =e f(m™"t) * cos s[=e= +e] J, 9 (emt) f(-t)t dt . 


0 2 

Proof. Part (a) is completely straightforward. Part (b), on 
the other hand, results from formulas appearing in Strichartz [43] 
(Theorem 1). Roughly speaking, Strichartz' theorem describes the 
Fourier transform of a function on V which transforms (under the 
natural action of SL(R) on V) according to a given irreducible 
representation of G. If this representation has a highest or lowest 
weight vector k-1 condition (3) in the definition of G, implies 
that (o+e) on p.509 of [43] must be odd. Thus the formulas there 
simplify considerably and an application of them to our situation 


proves the lemma. [_] 


Corollary 4.16. L°(k,H’) is invariant for ie Furthermore, 
the restriction of Ty to ig 


many copies of the f-representation of SLy(R) generated by the 


(k,H”) is equivalent to infinitely 


operators 
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[pq]: foe! 


and 


(9 Gar tee =. 


To complete the proof of Theorem 4.14, observe that 
L((-c0,0), }m}*-+a] m} ) is isomorphic to L°((0,0),mdm) via the 
map 

k-1 
f(r) > f(-r)lr] 2 


Thus Theorem 4.14 follows from Lemma 4.17 below coupled with some 


straightforward manipulations. (A useful identity here is the 


following: 
wi 
OTE (k-1) tie/2 ) 


cos TAS xe] =e e 


—+ 
Lemma 4.17. The representation ™/o (resp. Te /o) of BE, (R) 
is realizable in L°((0,),mam) so that 


(a) the operator corresponding to 
2 $Aer 
f(m) > er ibm f(m) (resp. Bot sne f(M)) ; 


(b) the operator corresponding to iF ei is 
= wo . 
£(m) > en tkr/ p Jeo (amt)f(t) tat (resp. get) 
10) 2 


Proof. Explicit realizations of the representations of § o(R) 
are to be found in Pukansky [32] and Sally [33]. In particular, 


TT corresponds to R*(th) in [33] with h=k/4. Thus our Lemma 


k/2 
follows from Lemma 4.1.5 of [33]. | 


Corollary 4.18. There is a natural correspondence (the "duality 
correspondence") which associates to the representation Th 1 of 


G* the genuine representation Ty /o of G*. In particular, this 


correspondence inverts (part of) the local map SR of Section 4.2. 
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Proof. Let a denote the representation of G*¥ induced 
from rq (viewed as a representation of G@=SL,(R)). Although 
rq depends on T, it can be shown that ra does not. (Cf. Lemma 
4,3 and the proof of Lemma 4.4.) In particular, re will contain 


= a ax t 
copies of The = Ind(6,G*, 7) 5). 


2 
So now consider 7, _,. Its restriction to G is TOT 4 
and this representation indexes the primary component of vq which 


when induced up to G* contains infinitely many copies of Ty Jot Bai 


We note that one can extend this correspondence to class 1 
continuous series representations as well since these representations 
also occur in the decomposition of L°(v) (albeit continuously). 

The required Fourier transform formula is now more complicated than 
the formula in Lemma 4.15 but again it can be derived from [43]. 
The result is that T (Mysto) is mapped to muy sual) More 
comprehensive speculations about how this correspondence inverts 


S:77>7T will appear in Section 6. 


Concluding Remark. The representation y above is essentially 
the representation rg discussed in Section 2.5. More precisely, 
let ry denote the restriction of ra to SL,(R) tensored with 
the trivial representation of SL,(R) in TEC Osa) he Then ti is 


isomorphic to f ra(T,)dt. 
x 


4,4 The basic Weil representation (joint with P. Sally) 


The Weil correspondence discussed in Corollary 4.18 pairs 


together discrete series representations of GL (R) trivial on 
Z, With genuine discrete series representations of GL, (R) trivial 
on a Its domain actually extends to a larger set. Consider all 
irreducible "tempered" representations of GL,(R) trivial on +I. 
Equivalently, consider all possible constituents of the "adjoint" 
representation of GL, (R) in 1? (rR? x R*). The correspondence alluded 
to above pairs together constituents of this adjoint representation 
with constituents of Tr: 
Our purpose in this Subsection is to describe a similar (but 
simpler) correspondence relating a subset of the dual group of 
GL, (IR) to the dual group of GI,(R). In place of rz we deal with 
ris Actually, for convenience, we deal with the representation r,(t) 
of SL,(R). Thus we deal with GE,(R) modulo its center and GL, (R) 
modulo (0,0). 
Fix (x) = eX, then the action of rj(t) in L 


given by the operators 


Shee 
ry(t) (fg p]) (x) = eT P* a(x) 
and 


ry (1) (Ww) (x) = eTi/t 3(x). 


Theorem 4.19. 


(a) With the notation of Subsection 4.1, 


ry (tT) = TI /o ® F375 . 


Recall that T 1/2 is a subquotient of the principal series repre- 

sentation p(1/2,1/2); it has lowest weight 1/2; 13/0 is a sub- 

representation of p(1/2,-1/2); it has lowest weight vector -3/2. 
(b) Let r4(7_4) denote the Weil representation corresponding 


to 1_,(x) = e ™*, then 
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r(7_1) = Typ ® Typ - 

Here Typ has highest weight vector -1/2 and 73/2 has highest 
weight vector 3/2. 

Proof (1) (Sketch). It is easy to see that the subspace of 
L? (R) consisting of even (resp. odd) functions is irreducibly 
invariant for r4(7,,)- To identify the resulting irreducible 
representations of BES (R) one uses the models for To presented 
in Chapter IV of [33]. [] 

Proof (2) (Sketch). Let (resp. r°) denote the restriction 
of yr, to the space of even (resp. odd) functions in L? (R) . The 

e 


irreducible representation ry is intertwined with the subrepresenta- 


tion T1/o of p(-1/2,1/2) via the operator 


(x) » rj (g)8(0); 


the representation i is intertwined with the subrepresentation 3/5 


x) - g(r @| 


Proof (3) (Sketch). A basis for L? (ip) is provided by the 
functions § (*) = os oF x) when H, is the Hermite poly- 
nomial of degree m, m> 0. But by differentiation, r,(U)e, 
= i(m+1/2)8_, i.e., a has lowest weight 1/2 (corresponding to 
0) and ry has lowest weight 3/2 (corresponding to $,). Thus 
ry =T1 /o and ry = 13/0 : 

Corollary 4.20. Let ry denote the representation of SE. (R) 


induced from ry (tT) on 3S > (IR) « Then 


Note that = is essentially the representation ry of Section 2.5 


restricted to BT5(R). 
Corollary 4.20 associates to the trivial representation of 


GL, (IR) the representation 7. 


of GE,(IR) and to the representa- 
1/2 2 
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tion sgn(x) of GL, (R) the representation T. Modulo (0,0), 


3/2° 
this is the sought-after correspondence we. 
Concluding remark. If F-= ¢, r, (7) is independent of +. 
Moreover, r3(t) defines an ordinary representation of SLo(¢). In 
fact Kubota has shown in [23] that the "even" piece of y(t) is 
the complementary series representation of SL, (¢) at s=1/2. 
Thus this complementary series representation once again appears as 
the analogue of Ty /o° The "odd" piece of ry (7) for F=t is 


equivalent to the representation of SL,(¢) induced from the 


character z-> 2/|z| of the subgroup {[# hs The intertwining 
Oo Zz 


operator is constructed just as in Proof (2) of Theorem 4.19. The 
fact that pieces of ry (over arbitrary fields) could be identified 
in this way was pointed out to Sally and myself by Howe; cf. his 


Zentralblatt review of [10]. 


§5. Local Theory: the p-adic places. 

Throughout this Section, F will denote a non~archimedean 
field of characteristic zero. For simplicity, the residual char- 
acteristic of F will be assumed to be odd. For dyadic fields, 
see the remarks after Lemma 5.6. The metaplectic cover of 


G = GL(F) 


(constructed in Section 2.2) will be denoted by G. 
The purpose of this Section is to describe the local map 
S:it>T 
for certain irreducible unitary representations of G, namely the 


non-supercuspidal representations. 


5.1. Basic Representation Theory. 


Suppose 7 isa (not-necessarily preunitary) representation 
of @G ona complex vector space vV. Then 7 is said to be 
admissible if (i) for every ve V, the stabilizer of v in G 
is an open subgroup of G, and (ii) for every open compact sub- 
group G' of G, the space of vectors stabilized by G'! is 
finite dimensional. 
If wa is irreducible and admissible, we say 7 is supercuspidal 


if for every vector v in V, 


(5.1) { 7(a)vau = 0 
U 


for some open compact subgroup U of N. Note that (5.1) is 
meaningful since @G splits over N. 

Now suppose 7 is an irreducible admissible non-supercuspidal 
representation of G. Let V(7,N) denote the set of vectors v 
in V satisfying (5.1) for some U as above. Since N is the 
union of all its open compact subgroups U, V(7,N) is actually 
a@ subspace of V. 


Since B normalizes V, 7(B) preserves V(7,N). Thus we 


obtain in V/V(7,N) a representation co! of B (actually B/N, 
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since t(n)v-v ¢ V(7,N) for all veV and neN). Note that 

G' will be non-trivial on Z if and only if 7 is genuine on G. 
The significance of our assumption that 7 not be supercuspidal 

is that V/V(7,N) (hence o') is then non-zero. Consequently, 7 

can be imbedded in the G-module induced from an irreducible quotient 


of V/V(T,N). 


al 


To be more precise, fix v a non-zero vector in V. Since 

is irreducible, the vectors 7(g)v, @¢ G, span V. If G'! 
is an open compact subgroup in the stabilizer of v, and {g,} 
is a finite set of representatives B\G/G', transforms under B 
of the finite number of vectors Vegas T(E, )v also span V. That is, 
V/V(7,N) is a B-module of finite type. Thus there is an invariant 
subspace V'! of V which contains V(7,N) and is such that the 
natural representation go of B/N in V/V' =W is irreducible. 

| As always, let 6 denote the modular function for B. To 


B 
imbed 7 in Ind(B,G,o), define, for each v in V, 


where v denotes the class of v in W=V/V'. Clearly 


f,:G+ WwW satisfies 
De te heen oe 
(5.2) as oe (b)L(b) f(g) 


gr i/2 o. Thus v> ty is an intertwining operator 


B 


where L= 


between 7 and Ind(B,G,L) (non-zero since 7 is not supercuspidal). 
That is, a7 is a subrepresentation of Ind(B,G,L). (We are 
interpreting Ind(B,G,L) as the space of functions f:G > W 
satisfying (5.2) in addition to being right invariant by some open 
subgroup of G.) 


If w is trivial on Z this conclusion is a special case of 


2 
a general theorem of Jacquet and Harish-Chandra classifying the 


irreducible admissible non-supercuspidal representations of a p-adic 
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reductive group. 
Now let TI denote an arbitrary irreducible (finite dimensional) 


representation of B/N. Henceforth we shall deal exclusively with 
irreducible unitary representations of G which are equivalent to 
Ind(B, G,L) 

or some unitarizable subrepresentation thereof. To analyze such 
representations, the theorem below is crucial. 

Let Bo denote the subgroup of B whose diagonal entries 
have even v-adic order (i.e., the diagonal entries are squares 
modulo units). By Lemma 2.11, B lifts homomorphically as a 


fe) 


subgroup of B. In particular, Ao = B/N = Ay 


and its irreducible (finite-dimensional) representations are of the 


xX Zp is abelian 


form 


ai a, x 
(523) Ec a,}*6) = Cy (84) Uo (ao) 


with Wyte quasicharacters of E 


Theorem 5.1. Suppose L is an irreducible finite dimensional 


representation of A= B/N on a complex vector space V. If 


IL is trivial on Zy» V is one-dimensional, and 
34 ie) 
L([5 a]+S) = By (4) (b) for some choice of HysU5- On the 


other hand, if I is non-trivial on Zo» V is four dimensional 


and TL is equivalent to 


L(uysuo) = Ind(By,B, LD" (4445) 
with E°(u,.u5) as in (5.3)). 

The first part of this Theorem is obvious. To prove the second 
we shall exploit the theory of representations for groups with nor- 
mal subgroup of finite index. This theory goes back to Weyl and 
Clifford and has already been described for unitary representations 


in Lemma 4.3. 
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As before, suppose N is a normal subgroup of index two in G. 
if Ly is any finite-dimensional irreducible representation of N, 
let H denote the subgroup of h in G such that (L))” = Lo. 


Clearly H=qG if Lp is self-conjugate and equals WN otherwise. 
Lemma 5.2. Suppose L* is any irreducible finite-dimensional 
representation of H(Lo) whose restriction to WN contains Lo: Then 
(1) Ind(H,G,L*) is irreducible, 
(2) the restriction of Ind(H,G,L*) is irreducible if Lo 
is selfconjugate and equivalent to Lo D i otherwise; 
(3) all finite-dimensional irreducible representations of 
G are so obtained. 
This lemma is essentially the content of Section 12 of Chapter III 
of [3]. Thus we shall not include a proof here. (In [3] Boerner 


assumes that G contains an element of order two outside N but 


this assumption is not necessary. ) 


Now consider the normal subgroup B, of B consisting of 
matrices whose diagonal elements are either both squares modulo 
units or both non-squares modulo units. Clearly [Ap:4,] = [A,:A] = 2, 
Thus we can prove Theorem 5.1 by applying Lemma 5.2 to these pairs. 


From elementary properties of Hilbert's symbol it follows that 


(5.4) (is agl*6")([o™ anlS)([o° as leS')™ 
ay 0 
Pe” a WE asta ges) Gxces)) 


for arbitrary 4285547584 e FY. In particular, fixing 
_ w O . 
h= (Lo wy J+) in A; 


=O h = 
L (uysHo) = Lo(vy>es) 


with wj(x) = (w,x)y,(x). In other words, if N= A), G=A,, 
= T° ary 
and Ly) = 1 (HysHo)> then H(Lo) = Ap: Consequently 
= =~ = 0 
L! = Ind(Ag,A,,D°(u4sHo)) 
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is irreducible and all irreducible finite dimensional representations 
of A, non-trivial on Z, are so obtained. 

Now apply Lemma 5.2 to 4,,A, and L'. Fixing h = (fe Se) in 
A it follows from (5.4) that ecen is not equivalent to L'. Indeed 


a 
ay ©) 10 


=O h ay 
manele) To ap]*6) 7 (Wag }E°(uys4o) (Lo an]S)> 
= —- ,. <0 —0 
and the restriction of —' to A, is L°(uyst5)® L (4 oH) 
O 17 i320 
(with Ypres as above). Hence every irreducible representation 


of Ais of the form Tnd(A,,A,D (uysuo) and Theorem 5.1 is proved. [] 


Corollary 5.3. With respect to an appropriate, basis, the 


restriction of Ind (By, B,L° (uy s415)) to A, takes the form 


(5.5) 
a, O 
L'(uyto) (gg JS) 0 0 0 
0 (w,a,4,)L @) fo) 
0 0 (w,a5)T° 0 
0 ie) 6) (wa, )E° 


We close this Subsection with some Lemmas which will be useful 
in our analysis of the representations Ind(B,G,E) and in our 


definition of the local map for F. 


Lemma 5.4. Suppose L is a finite-dimensional genuine 
representation of A. Then its character X_ vanishes on elements 


L 
of A whose projections in A are not squares. 


Proof. Clearly y_ is a class function satisfying 
L 


x_(¢ a) = ¢ x_(@) 
L L 


for all aeA and Ce Zo- On the other hand, if the projection 


of a in A is not a square, by Corollary 2.12 


my Se OC, MS 
afx#yay = a(l,-1) 
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for some ye¢ A. Thus our claim is immediate. ao 


Lemma 5.5. The character of L(uy sto) is computable from 


o ie) 
8 


Corollary 5.3. Indeed suppose a = o16)+ Then 


6 a) = Ay, (a )u( 8° 
(5-6) Steere ) = Heyy (a )un(B°) 


Proof. Hilbert's symbol is trivial on squares. [] 


Lemma 5.6. Suppose 


for all squares a ¢ F*; equivalently, (u,)* = (v y2 on F*, 


i: 


Then L(uy sto) is equivalent to L(v45V5)5 in particular 


multiplication by characters of order 2 is irrelevant. 


Proof. Compare characters. [] 


Concluding Remarks (the case of a dyadic field). 


Suppose the residual characteristic of F is even, say en, het 
ie 
O ap 


Bo have even v-adic order and ay has unit part congruent to a 


Ay denote the subgroup of matrices where both ay and 


square modulo 40. Then BZ splits over A and each of its 


0’ 
irreducible representations TL (non-trivial on Zo) is induced 
from a one-dimensional representation (Hy >Mo) of Ky (tensored 


with the non-trivial character of 75) « But a has index 


ord, (2) 
[F*: (R*)?) in 3. Thus TL has dimension 4(2") ¥ 


(ef. Theorem 5.1 where (R*: (RX)F] = 4). Moreover, Lemma 5.6 is 
still valid. Since a detailed discussion of the representation 
theory of the metaplectic group over a dyadic field will appear 
elsewhere, henceforth we shall deal exclusively with the case of odd 
residual characteristic (except possibly for a few parenthetical 


remarks). 


5.2. Class 1 representations. 


In this paragraph we begin a careful analysis of the induced 


representation 


P(uzrHo) os Ind(B,G,D (yy sU))- 
Denote its space by Buy so) and keep in mind that P (uy oto) 
is non-trivial on Zoe 
Lemma 5.7. The restriction of P(Uy sto) to the dense subspace 


of K-finite vectors in B(ujsup) is admissible. 


Proof. Let V(L) denote the four-dimensional space of 
D(uysty)- Then the dense subspace of K-finite vectors in B(uy so) 
consists of locally constant V(L)-valued functions on G _ satisfying 
a, xX a 1/2 a, xX 
1 = i edie = 
o(([ 1,¢)8)=|s-] We 1,6 )@(&) 
) an an ) Bn 
a, x 2 
for all (lo ‘i ],¢) ¢€ B. On the other hand, by Iwasawa's decomposi- 
‘2 
tion for 4G, 


(5.6) G=ANK. 


Thus this space is naturally isomorphic to the space of locally 
constant V(L)-valued functions on kK satisfying 


x a, xX 


= Ete: a, + 2e(k) 


a 
(Lo 


a, xX 
for all Ee : Je BNkK. (Since a, and &@, are units in F*, 
2 


To prove admissibility, fix an open group G!' of G and 
let H(G') denote the subspace of K-finite vectors in B(y4su5) 
stabilized by G!. Since each o in H(G') is left fixed by the 
compact open subgroup G' NK, each such o is determined by its 
values on the finite set K/G' XK. Consequently H(G') is 
finite-dimensional, and the non-trivial part of admissibility is 


proved. [] 
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Definition 5.8. A genuine representation of G will be called 


class 1 of its restriction to K contains the representation 
Toi (KC) > ¢ 

at least once; equivalently, its restriction to K contains the 

identity representation. 

2 


1 
and re are unramified. In either case the identity representation 


Theorem 5.9. P(uy so) is class 1 if and only if both uy 


occurs at most once. 


Proof. Each qo in B(uy so) satisfies 


Sane a, O 


(5.7) (Lo Taual (ls a)? De) 


iy 


for all e B. Moreover, if om is right K-invariant 
Oo a SN oe eee 
2 


(hence identically equal to w(e) on XK), 


on a, 0 
(5.8) Luo) ([ ap] te(e) = o(e) 


a, O 
for all i a.) € AN K. Thus P(Yp2Ho) is class 1 only if (the 
2 


space of K-finite vectors in) B(uy oH) contains some function o 
satisfying (5.8). In particular, by (5.8) p(y ,.u5) is class 1 
if and only if (5.8) obtains for some such g. 

From the Corollary to the proof of Theorem 5.1, recall that 


at a, 0 
the eigenvalues of ua ener ee a j,1) are 
2 


My = Uy (81 )u5 (a) 
Ao = (Ws 8,45) Az 


= (5,5) rq 


W 
\ 


and 
My = (w, a) Mae 


Thus P(My2Ho) is class 1 if and only if one of these A, is 1 


104 


for all a,,a, ¢ 0 =U. But (w,:) defines a ramified character of 


FX, Hence (5.8) is impossible if either ue or us is ramified. 
On the other hand, suppose both ut and Ls are unramified. 


Then by Lemma 5.6 we may assume and My are also unramified. 


My 
In this case, , ® 1 and consequently P (Uy rH) is class l. 
Note finally that when NA = J Nos Ags and Mn are non-trivial. 
Indeed these eigenvalues then define ramified characters of F*, Thus 
the space of functions in B(uy Ho) satisfying (5.8) comprises a 
one-dimensional space and the proof of the theorem is complete. (This 
space consists precisely of those « whose restrictions to K are 
constant and take their values in the one-dimensional subspace of 
V(~) belonging to Ay-) 0 
Analogous results hold for dyadic fields with KN replacing 


GL, (0). 


5.3. Hecke operators. 
Let H(G,0,) denote the Hecke algebra of continuous compactly 


supported functions $ on G_ satisfying 
(5.9) w(K BE") = o,(K)¥(2)o,(k') 


for all k,kT in K. Multiplication in H(G,09) is given by the 


convolution product 


(5.10) ttn) = f HET) (aE. 
g 


Note that if w is any continuous function on G satisfying 


o(&C) = Co(&), the integral in (5.10) is still well-defined. In 
particular, if (8) is any zonal spherical function in B(Wy >) 
(satisfying o)(& K) = o6(K)eo(€)), oo*¥(g) is also zonal 
spherical, and 
ott (E) = A(¥)@5(B) 

for all We H(G,05)- 

Our purpose in this Subsection is to compute A(¥) for some 
important special |. The required double coset space analysis is 


contained in the two lemmas below. 


Lemma 5.10. Fix n and m in &. Then 
w? e) w” ie) 
(5.11) Ko ymL1K= UY K([, pm? VEOS) 


CeZ, 


and the union is disjoint if and only if n and =m _ are even 


P n m 
(i.e. w and w are squares). 


Proof. Only the second assertion is non-trivial. To prove 


it, suppose first that w" = we woe with t ¢€ %. If we choose a 


unit ¢ in F* such that (w,e) = -1, then 


10 Ee 
Ge el 1) (L- walt) (1-2) 
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n 
(02 Sd (09 edd) 


This implies, however, that 


EU” Aenea Cae 
0) 


0) w w 


Thus the union in (5.11) is not disjoint if n (say) is not even. 


Suppose now that both w and w™ are squares. If the two 


sets on the right side of (5.11) are not disjoint then they coincide. 


Consequently 


n 


(5.12) (ep D(C ©) 44) Cag) Gs-1) 


n 


for some Ky, Ky in kK. But now both w and w”™ are squares. 


n n 
Thus a({” Teak) = B(k,>+[" . J) = 1, and (5.12) implies 
fe) w fe) w 


Jel) = (f% 99 k55-1) 
0 ij ’ 0 ym 2? ’ 


an obvious contradiction. [] 


According to this lemma, a non-trivial element of H(G, 95) 


n 

cannot be supported in a0 ig ers unless both n and m are 
0 w 

even. In particular we have: 


Corollary 5.11. The function 


n 
: = 6) 
fF gek » 

a ae (Cw 


yl) RCs 6) 


O otherwise 


always belongs to H(G,0,)- However, it is identically zero unless 
both n and m are even. 

Corollary 5.11 explains why Shimura and his predecessors (in 
treating forms of half-integral weight) dealt mostly with Hecke 
operators T(t) corresponding to square 4%. (Cf. Proposition 1.0 
and p.450 of [38]; Shimura's T(p°) is essentially ¥9 5 with 


F =.) Lemma 5.10 appears as Proposition 7 in Kubota [22]. For 
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N 


even v, and K=KXK', is not necessarily zero; again, compare 


V0 
p-450 of [38]. 


The collection {4 with n and m even, generates the 


mane 
algebra H(G,0,) of o)-spherical functions. Indeed by the theory 


of elementary divisors for 4G, 


(5.13) CoO Re CAE. 


On the other hand, each § in H(G,p) is compactly supported. 
Thus by (5.9), ¥ is completely determined by its value at a 
n 
finite number of matrices aes aoe That is, each such is 
fe) w 


a finite linear combination of the functions of Corollary 5.11. 


Yn ym 
Using a modification of the usual arguments, one can directly 
y = 9 ¥ hence that H(G,G)) 


(cf. Section 4 of [21].) Our interest, however, is in computing 


show ft is abelian. 


* * ’ 
n,m ‘n!,m! n',m' "n,m 


eigenvalues for the zonal spherical functions in B(Wy Ho) - 


Lemma 5.12. The double coset 


be 0 
Hy = lo IK 


is the disjoint union of qe +q left K-cosets. Representatives 


for these cosets are 


2 
La als 
[ So]E a) (with 2 © (0/a"o)*) 


and 


6) lL O Oo ol 
fe. lige Eo 


with y = 0,¢€, Ge da gee e€ O/wo and ¢e a generator of the 
(q-1)st roots of unity in F*. 
This lemma concerns only G and is classical. Thus we do not 


include a proof. We do, however, include the following remarks. 
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In G, 


-1 k k -1 
(ieee eee nai 2 j,1) = cE Ss esay 
09) (0) w 


for each unit c in F. (This follows from elementary computations 


involving Hilbert's symbol.) Thus if z = we, 


1 Oo Zak 
gi 
(st SL} gba) 
= CL Cagle (60) 8). 


On the other hand, 


2 
(Uy Gis gia ole) 
_ 1 0.,,1 -wy 
avi Pele eae 
(RE allo Vy 


Theorem 5.13. Suppose P(Hysbo) is class one and 9 € Blu sty) 
transforms under K according to To + Let T(w*) denote the 


"Hecke operator" corresponding to convolution by Yo.o* and define 
a 


A(w) by 


T(w? eq (%) = A(w)e(X) - 


S. 
Then te igstx) Sfx 4 
es, 2s 
Aw) = aq + q 
Proof. By Lemma 5.6, there is no loss of generality in assuming 


Ky unramified. Also, by our hypothesis on Po» 
@9( (ks 1)) = ¥ 


where Yo is some distinguished vector in V(L). (More precisely, 
Yo belongs to the subspace of fixed vectors for L(y sto) restricted 


to ANK.) Thus 


Mw)¥%— = *¥o, 02) = [aol )¥o (yay 
ZNG , 
2 
= f ao(y7*)ay 
H 
w 


Now we apply Lemma 5.12. According to the remarks following 


this Lemma, 


2 
Mayo = J gol (HL Oy) “*) akc 


wk et k 
+ Fol ll aenel ((we,w)™) (k, 1) )dk 
Z2=W °C 


1 wy 
+2 %((L 5],1) (k, 1) dk 
Pe eo((C2 %142) (rs 
But 9 belongs to Bly >Ho)- Thus we have 


-lj= wm? = 
A(W) Vo = | w E(u Mo) (Lg y)1)V% 


we oo 
k) -ktlj=,,w -c = 
+ x (cw, w) | w \ZCL },1)v 
ofz=wic , gees 8 


(modwo) 


ei) 2. cute iG, 
ye0/wo Oo w 
To continue, we need to further analyze the second sum appearing 
above. 


First consider the set of non-trivial coset representatives {z} 


of O modulo wo. This set has q°-1 elements and contains 


q(q-1) units. ‘The remaining g-1 representatives are of the form 
we with k= 1. 
Now consider the sum 
1 a 


: sinter, es ase 
ve (c,w) ic me ],1)Vo 


(modwo) 


Since (q-1) is even, and (e%,w) = (ay; this sum actually 
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— are -o7t — 
vanishes. (L([ 1 ],1)¥, does not depend on ec.) Thus the 
0) w 


~2)5 and 


second sum appearing in (*) simply equals a(a-1) lw" | yu (w - 


= SO mona 
A(w) V5 = qe (w )Vo F (q-1)Ho(w )¥o 
wOues 
+ Wo (w )¥o ‘ 
That is, 


rA(W) = a(q +q 


as desired. [] 


In Subsection 5.4 a local map 


will be defined for irreducible quotients of P (Hy >Mo) and Theorem 
5.13 will be used to explain how this map is consistent with Shimura's 
correspondence. In the meantime, recall the analogue of Theorem 5.13 
for G= GL, (F). 
If P (Hy >Uo) denotes the representation of G induced from 

the character 

a, x 

[op ayl > Ha (@y)Ha (ap) 
of B, P (My sHo) is aires 1 iff both 4, and yw, are unramified. 
Moreover, if MW, (x) = |x] *, ana %9 is the (essentially unique) 


K-fixed function in By sHo)> then 


s. 8 
(5.12) a goby *)ay = q'/*(g ta q *)9q(y) 
KE ale 


Note that the operator on the left side of (5.12) is (essentially) 
Hecke's classical T(p). For details, see [7]. 

In Section 6 we shall also see that Theorem 5.13 is consistent 
with Kubota [21], p.53. Indeed our F(w°) is Kubota's 
(a> +4)p(1,w*) . 


5-4. The Tocal Map 


In this Subsection we shall define the local map S$:7>T 
for irreducible representations of G imbeddable in Bly obo) 
We begin by presenting a useful (if not unexpected) character 
computation. 

Let H(G) denote the algebra of all locally constant compactly 
supported functions on G satisfying f(¢g) =¢f(g).- The product 
in H(G) is given by (5.10). If 7 is any admissible genuine 


representation of G, 


fort) = ff flg)r(e)dg 
ZG 
defines an "admissible" representation of H(G) on the space of Tf. 


In particular, 7(f) has finite rank. 


Theorem 5.14. If f¢H(G), then 


trace(D(Hyste)(f)) = f £(BX(wyru5) (Bee 


ZG 
where X(ujsH5) denotes the character of P(yy.45): If g is 


conjugate in G to some 


ay 0 
(Lg a,]?6) , 


with both Ay 285 squares in Px, then 


Kw pot) (B) =4¢ (a ,(2q)b9(85) tHo(aq)ny (an) 


otherwise, x(g) =O. 

Proof. Abusing notation, we shall confuse Buy sto) with 
the subspace of functions which are right invariant for some open 
subgroup of G. Then, as already remarked, P (uy sto) is of 
finite rank on B( Wyo) - (This follows from the admissibility of 


P(Ly>Ho) and the fact that f has compact support.) Hence the 
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trace of P(LysHo) certainly exists. 


Now if ge Bluysuy), 


(p(fie)(k) = Jf f(e)p(e)(k)ag 
ZG 
= f o(ke)t(e)dg = Jf @(B)£(k-"Z) de 
ZNG ZG 
=f of. (Dk, )£(k" "bk, )d,b dk, 
K 23 
=S Cf 85(b)7/?r(b) £0 ke, ) a, Bo (iy ak, 
K ZB 
aie By eee ae a, 
where 65([ 6 a6) “lal. L=T(uyo), and db is a left 
Haar measure on B. Thus 


where 


One can check now that the integral operator K, acting on the 


space of all locally constant functions from K to V(L), has range 


in Bluysto)- Therefore, the trace of p(f) on Buy otto) is 


precisely the trace of K, i.e. 


trp(f) 


i! 


mR 


tr(K(k,k))dk 


Sf b5(a)/2ex(E(8)) (ff 0c "ta nk) akan) ae. 
ZA KN 


To continue, observe that 


tated a yn 


S sili. 


1 


1 0 


- a 0 
tl a6) (05 Led) =(C, ithe a J6)(L, 


ayao 
a7 


Thus, making the change of variable n> ( )n yields the formula 
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ye 
trp(f) = f tx( E(B) ) |e? 1/2 feQctn a nk) akan) aa 
\E 12 KN 


To show that this actually equals 
f 2(BX(upu,) (Zee , 
ZG 
we shall compute this last expression directly. 
Recall the well-known integration formula 


x A(a) J h(x” tax) ax 
G {A} \ ANG 


Here the summation extends over all equivalence classes of Cartan 


subgroups A of G, and 
2 
(a,-a,) 
1 “2 
a(a) = |—b 2 
A795 


Applying this formula (keeping in mind that the central function 


X(4y+45) vanishes off A®), we have 


“ £(B)X(4y Ho) (E) dz = J £ (8 NX(Hy He) (g,1)ag 
25, X (Myo) ((as2))( f f(g tag,1)dg)de . 
aS ANG 


However, since B(n,k) = B(k,n) = 1, this last expression equals 
= J A(a)X (hy Ho) (a oe ’ £(k7tn ras 1)nk) dndk) da 
2 xX Wy> >) 2 ’ 
A 
naay? 
2 L/e 
= 2 fH Ey (0) (29) 
A 2 


bo(a 14 (22)3 . t(k7'n7+(a,1)nk) andk) da 


- 4 iit acie i («tnt (a, 1)nk) dndk) da 
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T complete the proof, recall from Lemma 5.5 that 


a (6) 
- - 1)) hen a,,8, are squares in F*. 
Hy (8) Ho (25) = IT tr(L([ a)? whe 17% 


Thus 


agi OF Mra) (Z) de = 


2 
ii tr (E(B) ) [ee Veer pf e(xtn 4a nk) anak) d& 
ZoNA lve KN 


= tr p(f), 


as claimed. [] 
Theorems 5.13 and 5.14 suggest that we define a map T°? 7 as 


follows. If 7 is equivalent to Ply sWo)> set m= S(t) equal 


to p(WssW5). The problem with this simple definition is that 
p (uy ous) and/or P (Hy Ho) may be reducible. 

In [18], Jacquet-Langlands establish the following results: 

(a) If We emad eo 4 [x] or |x/7, P(UyrsKo) is Pereaiel nic; 

(b) If Mako” (x) = |x|74, P(My2H5) contains just one sub- 
representation and it is one-dimensional; 

(c) If wy (x) = |x|, p(4,+Ho) again contains one sub- 
representation, this time infinite dimensional and "special", 

tf P(HysHo) is irreducible, it will be denoted T(MysHo)s if 
not, T(Uy Ho) denotes the irreducible subrepresentation of P(MysUo)- 


In either case, the obvious equivalences obtain. 


(d) If Myb5 (x) Z |x| or [x}7, T(UysN5) is unitarizable 
if: 
(i) both 4, and uw, are unitary (in which case T (My sb) 
is a continuous series representation) or: 
a -1 o -1 
(ii) Miko (x) = | x| ’ Uo (x) = By (x) sand 0 < 0 i 1 
(in which case T (My Mo) is called a complementary series representa- 
tion). 


If wes (x) = |x| or |x} 74, T (Wy Ho) is unitarizable iff 
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its central character is already unitary; in this case, T (My oHo) 

is called a special representation (if it is not one-dimensional). 
Using [10] one should be able to obtain analogous results for 6: 
(a)' The representation P (uy Ko) is irreducible if 

se: Ge # |x] 2/2 or |x| 72/2, in this case, 6(H4,,H5) is denoted 

by T(r sbo)5 


(b)' If wwe (x) = |x| 71/2, P(Hy»Ho) contains one sub- 
representation, which we still denote by T (My >»Ho)5 this representa- 
tion is always infinite-dimensional and sometimes class 1 (namely 
when es and us are unramified and v is odd); 


(c)' Tf wan (x) = |x|172, P(uy Ho) again contains just 
one subrepresentation, a special representation T (My obo) 5 this 


representation is infinite-dimensional but never class 1; 


(ad)! The representations in (a)' are unitarizable if either: 
(i) HW, and Uo are already unitary (this gives the 
continuous series); or 
(44) p(x) = pC, and uyyst(x) = x %, with 
o<o¢ 1/2 (this gives the complementary series). The representa- 


tions in (b)' and (c)! are unitarizable if and only if Wyo is 


unitary. Moreover, the obvious equivalences obtain. 


Now we make the following definition. 


Definition 5.15. The map 
Sr > 


is defined for irreducible unitary representations 7 = T (Hy obo) 


by setting S(r) equal to (Wyss) - 


Proposition 5.16. The map 7T-> 7 (is one-to-one and takes 


class one representations to class one representations. 
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5) 


Proof. If (us sus) = w(vosV5) then by (c) above (Wess 


2.2 2.2 = — 
= (vy2V5) or (VosVq)> In either case, T (uy so) = T(V1>V5) 
by Theorem 5.14. Thus S is one-to-one. On the other hand, 
w(us sus) is class 1 iff us and us are unramified, so 


™(Hy sto) is class 1 iff S(7) is (Theorem 5.13). [] 


Proposition 5.17. The map S is natural from several points 
of view, namely: 

(a) S takes special representations to special representations 
and "trivial" representations to "trivial" representations, 

(b) S preserves eigenvalues for the Hecke operators; 


(c) Roughly speaking, S preserves characters. 

Proof. A "trivial" representation for GL, (F) (resp. GL,(F) ) 
is a one-dimensional representation (resp. a T (iy sH45) with SH = 
[x] 2/2), Thus Part (a) follows from (b), (c), (b)' and (c)! above. 


To prove (b), suppose (for simplicity) that the global field is 


Q so Fe, Let Tp?) (resp. T(p)) denote convolution by 

Yo,2 (resp. the characteristic function of Kolo p)K) . Now, as 
always, fix k to be an odd integer. Let Te jsleo) (resp. T,_7(P)) 
denote the operator pk/e ~2 B(p*) (resp. ae, T(p))3 cf. 
Shimura [38], p.450. Finally, let S(9) denote "the" K-invariant 
function for B(uS sus) when both us and pe are unramified 


(i.e. u(x) = |x| 1). Then by Theorem 5.13, and the remarks 
immediately following it, the eigenvalues for %o and S(%_) with 
respect to Ty /olP*) and T,_1(P) are identical. 

To explain (c), let X(HysHo) denote the character of the 
representation p(uj,u5) of G If yeA is such that y° is 
regular, put 4, (y) equal to Hyyte)®Ayre) 1. Then by 


Theorem 5.14 and its well-known analogue for G, 


X(Wysty) (y) = Ay) K(uysug) (L(y®)) 


117 


(Recall t(y) denotes the lift y > (y,1) -) [EJ 


Remark 5.18. A crucial feature of Shimura's map from 
2 2 F : 
Sy. /o (Nx) to S74 (Noo x ) is that it preserves eigenvalues for 
the Hecke ring. Our map is consistent with Shimura's in this 


respect as well. 


5-5 The Basic Weil Representation. 


As always, F is a non-archimedean local field with odd 
residual characteristic and T is the canonical non-trivial 
additive character of F whose conductor is On Fix q =a, ° 


As in Subsection 4.4, we shall not deal directly with the Weil 


representation vy - Rather we shall deal with rj(T). This is 
i. 
the representation of SL,(F) in L?(F) given by the formulas 
1 
(5-13) ro(™) (Lg 2))8(x) = 7 (bx?) a(x) 
a a 
(5.14) ryt) (W)B(x) = ylaysT)8 (x) 


and 


(S215) (rer? 
Oa 


Note that r4(7)é is even (resp. odd) if @ is even (resp. odd). 


Theorem 5.19. Let r, denote the restriction of r,(T) to 
the space of even functions in L°(F) and ro the restriction to 


odd functions. Then: 


(a) rj(T) = r.® Lo 3 


vr, and r are irreducible; 


0) 
(c) (R. Howe) fq is supercuspidal; 


(a) Yr, is equivalent to an irreducible quotient of the class 


one non-unitary principal series representation p(1/2,1) of 


SL,,(F) 


| 

Proof (Sketch). 

(a) Obvious. 

(b) Formulas (5.13)-(5.15) imply that the only operators 
commuting with r, (1) are the identity operator and the reflection 
operator 


(x) > $(-x).- 
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But this latter operator acts “trivially’ in the space of even or odd 


functions in L? (FR). Hence (b) is immediate. 


(c) To prove rg is supercuspidal it suffices to prove that 


for all vectors v in the space of ro? 


J ro(u)v du = 0, 
N 


i.e., for all odd @& in L? (FP) and x ¢ F, 


(5.16) a(x) [ r(nx*)dan=0. 
Op 
If x = 0 this is obvious. Indeed $(x) = 0 by the oddness of $&. 
So suppose x #0. Recall from Example 2.29 that r, (1) is 
equivalent to ry (t >) for any +t € F*. This implies we may assume 
t 


x? lies outside Op» i.e., + (nx°) is non~trivial on Op: Fhus 


{ t(nx*)dn = 0 
F 


and the proof of (ec) is complete. 

(d) Let B, nendts one inverse image in SL,(F) of the upper 
triangular subgroup {Lo atl} of SL,(F). By definition, 
p(1/2,1) is the genuine representation of SL, (F) induced from 
the character 

ct) eyecare wen et 
Oa 
of B 


Ll? For more details, see [10]. 
Since the residual characteristic of F is odd, both Ke 


and p(1/2,1) are class 1 with respect to K=SL,(0 Thus to 


2 p)* 
prove (d) it suffices to compare eigenvalues for the corresponding 
zonal spherical functions. For Pi this is a straightforward p-adic 
computation. Indeed the K-fixed vector is simply the characteristic 
function of O,. For p(1/2,1), the computations are similar to 


those made in the proof of Theorem 5.13. [] 
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Alternate proof for (c). An irreducible admissible representation 
of SL, (F) in some vector space V is super-cuspidal iff no non- 
trivial N-morphism exists between V and the trivial N-space ¢. 

For ry acting in the Schwartz-Bruhat space 3 (F) the action of 

is al ig given by multiplication by the quadratic character y(naq(x)), 
i.e., the only N-invariant functional on V is a distribution on F 
supported at the origin. But the only such distribution (for non- 
archimedean F) is @(x)>4(0). Since this is trivial for odd 2, 

the proof is complete. 

Alternate proof for (d). Following (c), use (5.15) to check 
that §&(x)>r(g)@(0) intertwines P with the desired principal 


series representation. 


Concluding remarks. The obvious analogues of (a) -(d) hold 


for dyadic fields too. 


§6. Global theory and odds and ends 
Throughout this Section F will denote an arbitrary number 
P( 


field. By X) we denote the space of square-integrable functions 


on K=26Nq which are genuine, i.e. such that (gC) =¢e(@) 


for all geG, and ¢¢€Z,. The regular representation of G 


A 
in L°(X) is denoted by T. Also 18(X) denotes the subspace 
of L?(%) consisting of cuspidal functions and 18 (E) denotes 


the subspace generated by poles of Eisenstein series on Ge 


Let Le (X) denote the direct integral with respect to Lebesgue 
measure of the spaces of genuine principal series representations 
R(x,s) with Re(s)=0 and Im(s)>0. According to Section 3, 

a 


Le (¥) is isomorphic to a subspace of X) whose orthocomplement 


decomposes discretely. In fact 


T=T, OT OT 


0 E fe 
where 
(1) T) denotes the restriction of T to 16(X) ; 
(11) Ty denotes the restriction of T to 15 (E) 5; and 
(iii) Ty the restriction of T to LE (X) ,» exhausts the 


continuous spectrum of T. 


Since the decomposition of T is known, it remains to describe 


To ® Tas the discrete spectrum of T. 


6.1. The discrete non-cuspidal spectrum 
For convenience, replace X by 


_ 72 re 
X* = Zp GpNG 


The corresponding decomposition of the regular representation of 


rel e(k*) is 


if, in L 


T = Tee To TF 
T* = Tx @ Tt @ 7 


Here Bue denotes the discrete non-cuspidal spectrum of X* 
Fix tT =T tT. be any non-trivial character of FNA . For 
Vv 
each place v of F let ri(q4.7,) denote the corresponding Weil 


2 — 2 v & 
representation of SL,(F ) in L (ae) . Let r(qay57,) denote 


v 
the restriction of r(a,57,) to the space of even functions in 
L?(F,) - Since T, is trivial on o, for almost every v, 
Po (Goy he) is class 1 for almost every v. 

From (2.45) it follows that r®(q,,7,) is trivial on [> 9] 
if -l is a square in F* . Then inducing r(qq7,) to 
ZENG. produces a genuine representation of Gq, which is 
independent of in . Thus we can assume. Ty is the canonical 
character of Fy fixed in Subsections 4.4 and 5.5. 

The induced representation above, denoted simply ro(ay)s 
is class 1 for all odd v.. Thus the tensor product 


= e 
le — 3 ri(a,) 


makes sense. In particular, ae defines a genuine representation 


= Dene 2 
of Ga trivial on Zn " 


Theorem 6.1 (cf. [9], [10]). The representation T* is 


equivalent to Bee In particular, every square integrable auto- 
morphic form of half-integral weight which is not a cusp form is 
a translate of the basic theta function 6(z) in the sense of 


Subsection 2.6. 
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Proof (Sketch). The assertion to be proved is essentially 


* 


local. Indeed, suppose 7 =®@ T is a constituent of 7 By 


il 


the theory of Eisenstein series sketched in Section 3, each Tes 


is a quotient of some non-unitary principal series representation 


- A -1 1/2 22 
Py (Hy Ho) with Wyus (x) = |x| 1O! Gea Lik5 =1. But the local 


results of Subsections 4.4 and 5.5 imply that such T occur in 


rv(a,) . So since ro(az) is easily shown to be irreducible, the 
Theorem follows. TT 

The structure of see (not just 2 ) is explained by pasting 
together the local maps Sy introduced in Subsections 4.2 and 5.4 
as follows. Suppose 7 =® T, is a constituent of T, . Then 
Ts is again a quotient of some non-unitary principal series 
representation Py (Hy ob) with wey (x) = tx} 272, But now the 


only restriction imposed on wins is that ui and us both be 


unramified. 
Let Py(VyrVo) denote the usual principal series representation 
-1 ay 
of GL, (F,,) with vyvy (x) = |x| . The definition of S, is such 
= 2 - ; 
that Ss. (r,) = T (uy sus) is the class one quotient of py (vy »Vo) 
Thus the theory of Eisenstein series for GL implies that 


2 
S(T) =®@ S(7,,) is an automorphic representation of G,, namely 


a constituent of T. . I.e., the map S is a bijection between 
constituents of Ty and certain constituents of Te - More 
precisely, a constituent T(Vy2V5) of T,, will be in the image 


of S if and only if Vy and v are globally squares of some 


2 
Ml and Wo ° 
The theory above also ties in with Kubota's computation of 


the eigenvalues of certain real analytic Eisenstein series. Suppose 


F is a totally imaginary number field and 7 =® TT is a constituent 
V 


of T,. For each archimedean v, Ti will be a complementary 


series representation of index 1/2. (Only in this case is 
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Py (Hs Ho) irreducible if uy (x) = |x| 1/2 .) For v finite, 


7 will almost always be the class 1 quotient of the principal 


x| -1/4) : 


series representation eae eae | 
Now suppose E(g,%,s) is the Eisenstein series whose pole 
at s = 1/2 generates 7. Then the eigenvalues of E(z,¥,s) 


with respect to Hecke operators in H(GL (F.),0 can be computed 


2 0) 
in terms of the spherical function theory of the local representation 


To i.e., from Theorem 5.13. The results are in agreement with 


Kubota's results for E(u,s) (cf. Section 1 and [21], p.53). 


6.2 Conetruction of cusp forms of half-integral weight 


Fix #2Q and A=Ap. Let (Ga) gen denote the set of 


equivalence classes of irreducible unitary genuine representations 


of iN and Gn the set of equivalence classes of irreducible 


unitary representations of Ga . From Section 3 it follows that 
= A 
certain 7 in (Sq) pen correspond to classical modular forms of 


weight k/2. It 1s also well-known that certain m7 in 4 
correspond to classical modular forms of weight k-1l. 

Motivated by the correspondence between forms of weight k/2 
and k-1 discovered by Shimura it is natural to introduce a general 


A A 
correspondence between (G,) and G, following the local theory 
a A 


gen 
developed in Sections 4 and 5. Thus we let {s,} denote a family 


A 
of 1-1 maps between (9) gen (irreducible unitary genuine 
representations of Ge ) and Go (irreducible unitary representations 
of @, ) with the following three properties: 
— — A _— —_ 
(1) for each 7 € (Gp) pen? S(T) =® 8(Fp) determines a well- 


defined irreducible unitary representation of G 3 
(iL) for almost every 7, S(7) is automorphic if 7 is 
automorphic; 

(441i) Lf T., is not supercuspidal, in which case ™ is 
naturally associated to some pair of quasi-characters (My rbo) 
of ee 8 (7) is simply w(wesns)s the irreducible representation 
of G associated to the pair (ae) 

Implicit in (1) is the fact that S, preserves class 1 
representations (Proposition 5.16) and the fact that 7 can be 
factored as ® with Ts class l for almost every p (Theorem 
3.5). 

The necessity of the word “almost” in (ii) results from our 
having defined "automorphic representation" rather rigidly. Had 
we not required automorphic forms to occur in it we would not 


have to worry about S sometimes taking square-integrable cusp 
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forms on G to slowly increasing non-cuspidal forms on Gy 
See Conjecture 6.2 below and the remarks directly following it. 

Note that if 7 and S(T) are both cusp forms then the "strong 
multiplicity one theorem" of Casselman [4] and Miyake [27] implies 
that the family {s,} is actually uniquely determined by conditions 
(i)-(144). 

To prove that at least one such family {S,} exists one has 
only a finite number of "bad" primes to worry about. Indeed almost 
every component Te of 7 is non-supercuspidal and (for such 
r)) S(7,,) is defined as in (iii). To prove (ii) the Selberg trace 
form is used. We shall treat these matters elsewhere, hopefully 


in the near future. In the meanwhile, we use S below to explain 


why constituents of He should occur in r, or ry . 


3 
Note first that the restriction of S to holomorphic cusp 


forms must agree with Shimura's correspondence. Indeed by (iii) 


sy takes the discrete series representation Tk /o 


of G. . Furthermore, according 


of G_ to the 
oo 
discrete series representation Tre 4 
to Proposition 5.17, Sy preserves eigenvalues for the zonal 
spherical functions as soon as mt and s(7,) are class 1. So 
if 7 corresponds to a classical modular form of weight k/2 with 
eigenvalue rp for T( pe) (ef. Shimura [38]) the "new form” 
corresponding to S(7) is of weight k-1l and has eigenvalue A 


for T(p) 


Now recall the correspondence 


This correspondence is defined on a subset of 4 and takes values 

in (Gp Yorn - For convenience, we restrict our attentim again to 

T. In fact we reformulate DP in the context of SL as follows. 
For each place p let rp (4357p) denote the Weil repre- 


sentation of SL (@,) in 1°(@3) attached to dz. We assume in 
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advance we have fixed a character 7 = I Ty of @\A with 
T(x) - et ik, Since T is trivial on % for almost every p 
it follows from the discussion of Subsection 2.6 that rp (439T,) 
is class one with respect to SLp(0,) for almost every p. 
According to the philosophy of the Weil representation 


expounded in Section 2 the representation 
r3(T) = @ ¥5(4357)) 


is a well-defined genuine representation of ‘SL, (A) whose commuting 
algebra is generated by the adjoint action of the orthogonal group 

PGLy(A) in L°(@?). We denote this adjoint action by A. Thus 
one obtains a 1-1 correspondence between irreducible constituents 


of r3(t) and irreducible representations of Gp, which occur in A. 


s : 2 
By inducing to Za \ Ge we obtain a map (no longer 1-1) between 


constituents m7 of A and constituents 7 of 


T3- This is the 
map we call D. The non-trivial fact about p> we use below is 
that 
(6.1) D(s(F)) = 7 


whenever the left-hand side makes sense, i.e. S(7r) occurs in 
A 
The analogue of (6.1) “at infinity" was established in Sub- 


section 4.3. One can also check (6.1) girectly for all unramified 


p. In general, one wants to show that the functions 
a(7,8)(g) = f o,(a) f : r3(@)8(he§) dh 
O BeQ 
Z Gg ™ Cp 
generate a non-trivial subspace of 2 (X) which realizes 7 .- 


Here fe AFR) and », denotes some spherical functicn for 
v7 = S(r). For 7 corresponding to a classical holomorphic cusp 


form of weight k-l such a result was obtained in [41]. 
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Conjecture 6.2. Suppose 7 is a constituent of i with 
= Th/o and k>5. Then 7 occurs in the Weil representation 
rT. . In other words, every classical cusp form of weight k/2, 
k>5, arises as a theta-series attached to a quadratic form in 


3 variables. 


Sketch of "Proof". The hypothesis k>5 should make it possible 
to conclude that S(7r) occurs in Ty - More precisely, S(7r) is 
trivial on Zn and corresponds to a cusp form of weight k-l. 

(If k=3, S(T) need not be cuspidal; cf. Shimura [38], pp.458 
and 478). 

Now I want to conclude S(7) also occurs in A. For this 

I need a generalized Ramanujan-Petersson conjecture which asserts 


that any component 7, of a cusp form 7 on Zp \ Gp with 1m, 


p 
square-integrable must occur in the regular representation of Go 
in L(G). The truth of this assertion for almost every p isa 


consequence of Deligne's proof of Weil's conjecture [5]. That the 
"everywhere" result should also follow from Deligne's methods was 
suggested to me by Langlands and later verified by Deligne. 

A consequence of this Ramanujan-Petersson conjecture is that 
each S(T) should oceur in Ap. Indeed a representation of G/ Zp 
should occur in Ay if and only if it occurs in the usual regular 
representation of Gp: (Cf. Lipsman [50].) For p=o this fact 
is already implicit in the literature. Granting it for all p 


implies $(7) occurs in A, i.e. D(S(7)) is defined. Therefore, 


by (6.1), 7 = D(S(7)) occurs in rz qo 


Note that cusp forms of weight 1/2 can not possibly occur 
discretely in r3: Indeed the infinite component of Pa does not 
contain Tso: Thus it is natural to ask how one can construct 
such forms, or similar forms of weight 3/2, which don't occur in T° 


My conjecture is that such cusp forms occur in ry: This is 
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consistent with Shimura's conjecture quoted at the bottom of p. 1 


of [40]; ef. also paragraph (C) of p. 478 of [38]. 


Although I have been unable to prove this conjecture I can show 


that all "non-trivial" constituents of r, at least belong to co 


Oo" 
More precisely, suppose we call a constituent ® ry of Yr, "non- 
trivial” if rs = 15 (4y97) for all but a non-zero even number of p. 


Then I can prove the following: 


Theorem 6.3. Each non-trivial constituents of ry defines a 


cusp form of weight 1/2 or 3/2. 


Remark 6.4. The belief that "odd" pieces of the basic Weil 
representation could determine non-trivial cusp forms was first com- 
municated to me by Roger Howe. Howe's original observation was 
that Dedekind's n-function must arise this way. In our setup this 
means mn generates a representation @ rs with nS equal to 
ro (ayTp) or 15 (4y>Tp)) (according as p does or does not equal 
2 or 3). Howe also surmised that aa should correspond to the 
representation ® rs with ry "oda" only for p equals o or 2. 


Recall that 


- foe} . 
n(z) = etiz/12 7 (1-e27n2) 


n=1 


is the cusp form of weight 1/2 whose 24-th power is the discriminant 


A(z); ne is a cusp form of weight 3/2 and this is consistent with 


the fact that rx = 3/2 


More remarks (concerning the nature of "non-trivial" constituents). 


(1) Suppose ® rs is a "trivial" constituent of rj: 


particular, suppose rs is odd for an odd number of p. Then if 


In 


Be S (83) belongs to the space of @ ry $(-x) = -8(x). Conse- 


quently, by Observation 2.34, the corresponding theta-series 6(%,¢e ) 


* 
Note added (3/19/76). Deligne and Serre have verified Shimura's 


Conjecture (private communication from Deligne). 
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is identically zero. I.e., ® 5 is indeed "trivial". The condi- 
tion that mS be odd for at least one p was included to exclude 
the representation : ag Q rp (4p7) already discussed. 

(ii) The orthogonal group of q, is {x: x? = 1}. This means 
an automorphic form on the orthogonal group is just a collection 


of representations of the p-adic groups Z trivial for all but 


2 
an even number of p (the global representation must be trivial 
on the "rational subgroup" {41} embedded diagonally). Thus 
"non-trivial" constituents of r, correspond to "automorphic" 
representations of O(q4)- In particular, Theorem 6.3 is con- 
sistent with the general philosophy of Subsection 2.4. 

We note finally that Theorem 6.3 should ultimately appear as 
@ special example in R. Howe's general (but as yet unpublished) 
theory of the Weil representation. The proof of the Theorem 
sketched below is not particularly elegant but it's the only one 


I know. 


Proof of Theorem 6.3. By Theorem 4.19 the infinite component 
of a constituent of ry is Ti /o or T 3/9" I.e., cusp forms 
occuring in r, are automatically of weight 1/2 or 3/2. It remains 
only to prove that if r* =@ is a non-trivial constituent of 
ry then the theta-series 


6(g,%) = & r*(g)a(e) 
BcQ 


belongs to 15 ( Sb,(a) S05 087) for all appropriate & 


Note first that we can assume 6{x) =f § (x) with e, even 
or odd according as sa is even or odd. But by hypotheses, mM 
hence by is odd for at least one p. Therefore, since re 


is also odd, r*(g)8(0) =O and the sum in (6.2) extends only over 
ge gr. 


t 0 
For each geSL,(A), write g=na,k with nel, a,={  _4]5 


2 ot 
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teA*, and k = S05(R) a BEj(05) = K* . We shall prove now that 
there exists some f, € AlQ,) such that 


(6.3) [r*(e)a(e)] < [el ?/?E (ts) 


for all @ =na,k in SL3(B). Our method of proof is based on [36]. 


From formulas (2.42) and (2.45) it follows that 
(6.4) |e (z)a(8) | = fe] 2/2(rm(e)a) (48) 


But the map (g,8) > r(g)# defines a continuous map of ST, (AY x 3(G,) 
* 


into J (Q): Therefore, since K is compact, Lemma 5 of [47] 

implies there exists f,¢ J(Q,) such that |r*(k)8(8)| <¢ fo(8) 

for all €¢€@ and KexX". This, together, with (6.4), proves (6.3). 
Next we observe that for any fe J (A), there exists a positive 

integer £4 and aconstant M such that for all t ca*, 


z le(te)| < mit}? 
SeQ 


Since this inequality has only to do with the definition of 
(A) we omit its straightforward proof. Together with (6.3) 
Lt lmplies 
(6.5) x re(z)a(s) < mit] i/2 - % 

§eQ 

To conclude our proof it suffices to show that 6(%,g) is 
pounded on (the finite measure space) SI,(@)\ SE,(A) . For this 
we appeal to a well known result from reduction theory, namely that 

t Oo 

SL, (A) = SL, (Q) Ng A k™ with AZ = tl pele lt] < c}. This result 
implies SE,(A) = SL(Q)NsAck* . Thus, for all Be SL,(@)\ STB), 


le(z,a)| < mie| 2/2 - 


gu, 


as was to be shown. CJ 


6.3. More open problems 

Numerous loose ends and open problems have already been 
mentioned in Sections 1 through 6. In this last paragraph I want 
to mention two more open problems, both non-trivial. 

The first concerns a "multiplicity one" theorem for To: Can 
a constituent of To occur more than once? For T> the answer 
is "no" ({18], Proposition 11.1.1). A related question is whether 
two cusp forms on Ge must be equal if they agree at all but 
finitely many finite places and share the same central character? 
For Ty) the answer is "ves", This is the "strong multiplicity 
one theorem" of Casselman [4] and Miyake [27]. In classical terms 
the question is whether a cusp form of given weight is determined 
by almost all its eigenvalues for the Hecke ring and whether one 
can associate to this form a well-defined irreducible siiwaraes of 
us (X). 

A second problem is to develop a theory of automorphic forms 
for n-fold covering groups of Gly (A). Such groups were constructed 
by Kubota in [20] and by Moore in [29]. 

It seems clear that most of the results of Section 3 through 5 
will extend to these n-fold covering groups without essential 
modification (the singularities at s = 1/2, both for Eisenstein 
series and induced representations, are to be replaced by singulari- 
ties at s = 1/n). In fact the results of Kubota described in 
Section 1 were originally developed by him in this generality. 

The fundamental problem we encounter for n-fold covering 
groups is that Weil's construction is no longer available. (The 
cohomology class determined by Weil's representation is always of 


order 2.) Thus some kind of analogue for this representation 
corresponding to homogeneous polynomials of higher degree is 
needed. Although initial steps for F=¢ have been taken by 


Kubota in [21] much work remains to be done. The case of 
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p-adic fields already presents real difficulties. 


Note added (March 1976). We take this opportunity to 
correct two formulas in [10]. The last formula displayed on 
p. 1409 should read 


<o 
= (2 nN 
M(s,A) = Lies, ) Q® M(ux,8)5 


L(2s+1,%-) 


the integral expression above it should read 


L(2s+1, (us) °) 


L(2s, (ux) *) de o(wng)dn . 


Vv 
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